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The different representation groups of the point groups are established and their charac-
ter tables presented. These enable one to construct equivalent alternative sets of pro-
jective representations, as well as to provide an easy route to the determination of
double group and space group representations. It is shown that these are uniquely
determined, independent of the choice of representation group, but the availability of
alternative representation groups allows greater scope for the processes of ascent and
descent in symmetry, which are quite restricted in the context of projective repre-
sentations.

1. INTRODUCTION

Recently (Déring 1956; Hurley 1966; Bradley & Cracknell 1972; Janssen 1973; Mozyrzymas
1975), interest has been shown in the projective representations of the point groups because of
their value in facilitating the determination of the representations of the non-symmorphic space
groups. We have found, however, that due to theoretical ambiguities in some of the methods
used, none of the sets of character tables published so far is error-free. We have also found that the
character systems of the projective representations are not always unique and have investigated
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238 L.L. BOYLE AND KERIE F. GREEN

the applicability of the different possibilities. We shall follow a logical approach based on Schur’s
original prescription which fully investigates the representation groups rather than choosing
suitable factor systems.

2. REPRESENTATION GROUPS AND MULTIPLICATORS

Schur (1904) defined a representation group, #, of a group G, as an abstract group possessing
an invariant subgroup, called the multiplicator M, which is contained in both the centre, Z, and
the commutator subgroup, 2, of Z such that the factor group /M is isomorphic to G and the
order of M is as small as possible without being trivial, unless no non-trivial possibilities exist.
The order of Z is therefore the product of the orders of G and M. The mapping of Z onto Z[M is
a canonical epimorphism with kernel M and image %/ M, since it maps the elements of Z onto
the elements of a group whose elements are cosets. Since %/M is isomorphic to G, there is an
epimorphism, 7, from Z onto G.

A representation group is therefore a central extension of M by G. It is not necessarily unique
although A is unique for a given group G. It cannot be a supergroup of G and hence cannot be
written as a direct or semi-direct product structure involving G and M.

If one extends the concept of a representation of a group G of elements {g,} to allow a multiplica-
tion law for the representative matrices, d, of the form

0(g:) 0(g;) = (81> 85) (8:8y)
where the factor systems w(g;, g;) are complex numbers of unit modulus, then it can be shown by
the following argument that the true (or vector) representations of % correspond to either vector
or generalized (or projective, or ray) representations of G. A representative matrix 4(r;) of & is
also a representative matrix d(#rr;) of G since the epimorphism 77 maps the element 7, of % onto the
element 7r7; of G. Since 4 is a true representation of £, the product of the representative matrices
of two elements,
A(r;) Ary) = A(ryry),

i
the representative matrix of the product of the elements. But we also have
A(r;) A(r;) = &(mr;) 0 (7rry)
= 8(mr;1;),
the representative matrix of an element of G. Hence
A(ryry) = 8(mr;7y)

and therefore 4 is also a representation of G.

Now let 7, be that element of Z such that 77, = g;. Because the mapping of the product of two
elements,
m(rn) = () (M) = g4 = gu = My,
the mapping of another element, it follows that 7(ry7;% ) = ¢, the identity of G. This is
satisfied if

Tty = Mg Tigs
where my, is an element of M which lies in the commutator subgroup K of G and which commutes
with all elements of Z. Hence the representative matrices of A/ must commute with all repre-
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REPRESENTATIONS OF POINT GROUPS 239

sentative matrices of £ in a given irreducible representation, 4, and hence by Schur’s lemma
must be multiples, o, of the unit matrix. Hence the product of two representative matrices,

Ary) Ary) = A(ryrg) = A(my;ry;) = 0(r;75) Alryg),
a unit multiple of another representative matrix, and since
A(ry) = 8(gy),
we have 0(2:) 8(8;) = (g1 ¢;) (g:85)

and therefore ¢ is a projective representation of G.

Two projective representations, 8 and ¢, are said to be associated if §(g;) = u(g;) 8'(g;), where
u(g;) # 0 is a complex number of unit modulus. To these correspond associated factor systems
o and o’ which together with all other factor systems associated to them form a multiplicative
Abelian group, B2(G) of associated factor systems. This is an invariant subgroup of the group of
all factor systems Z2(G). The factor group Z2(G)/B?(G) is isomorphic to H?*(G), the group of all
classes of associated factor systems which is in this context precisely the multiplicator M. In
cohomology theory, the factor systems are those two-dimensional co-chains which are two-
dimensional co-cycles, the sets of associated factor systems are those two-dimensional co-chains
which are also co-boundaries of some one-dimensional co-chains and H?(G) is the second
cohomology group of extensions of G by M.

3. DETERMINATION OF THE MULTIPLICATORS

The multiplicators of the point groups are most efficiently determined by an aufbau process
starting with the cyclic groups, namely C,, S,, and C,,_y);. These are single generator groups and
are hence Abelian. Their representation groups are hence also single generator groups, also
Abelian and therefore have commutator subgroups, C;. Since the multiplicator must be contained
in the commutator subgroups of the representation groups, the multiplicators of the cyclic groups
must all be C; and therefore the representation group coincides with the original group and there
are no projective representations.

The multiplicators of the dihedral groups D,,, ,; of order 4z + 2 and hence also Gy, 1.1y ( = Dyyyi4)
may be determined by theorem v of Schur (19o7). This is because all of their Sylow subgroups are
cyclic and hence the order of their multiplicator is divisible by no prime number greater than 1.
Their multiplicator is hence C;.

For groups of the family D,,,( ~ C,,,, & Dy,,), non-trivial multiplicators can be found and it will
be sufficient to show that one representation group of twice their order exists to prove that the
multiplicators are all C,. The double groups Dy, are known to have the property Dy, [C] = D,
since they are central extensions of C{ by D,, and since their commutator is C,, Ci(= C,) is a
possible multiplicator. Since this group is of the minimal non-trivial order, the multiplicator
must be isomorphic to the abstract group G, for all possible representation groups.

The Vierergruppe, Dy( = Cy,, = Cyy) will be the first example of a direct product group. To apply
theorem vi1 of Schur (1907), D, is factorized as C, x C, and the quotient group is formed of each
factor with its own commutator subgroup, namely Cy/C; = C, for each factor. The orders of these
quotient groups are then factorized into primes and the highest common factors (hcf) of all
possible pairs of prime factors corresponding to different quotient groups are multiplied together.

16-2
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240 L.L. BOYLE AND KERIE F. GREEN
The multiplicator of D, is then given as

M(D,) ~ M(Cy) x M(Cy) x Cyega,»
~ C,x C; x G,
~ G,

The multiplicators of the tetrahedral, octahedral and icosahedral rotational groups, 7, O and 1
respectively, may now be determined by theorem v of Schur (19o7) since, apart from cyclic
groups of odd order, their Sylow subgroups are respectively D,, D, and D,. These all have multi-
plicators isomorphic to C, and hence if 7, O and I are to have non-trivial multiplicators, these
must all be isomorphic to C,. The multiplicator of the regular tetrahedral group, 7;, must also be
isomorphic to G, since Ty is isomorphic to O.

All remaining point groups can be regarded as direct product groups:

Conn = Cop x Gy,
Dipra = Claninw = Daniva = Denson = Dopia X Gy
Doy, = Dy, % Gy,
T, = TxCy
0, ~ 0 x G,
I, ~ IxC,

and hence their multiplicators can be determined using theorem vi of Schur (1907).
Finally the spherical rotation group, K, is known to have a double group, K’ such that

K'|C; ~ K.

This obeys the requirements for a representation group and hence the multiplicator is determined
to be isomorphic to C,. Further, since the commutator of X is K, the double group is the only
representation group of K, in accordance with theorem 1 of Schur (1907). The spherical group
relevant to atoms is K, = K x §, and contains reflexion planes and the inversion. This is a direct
product group and hence by theorem v1 of Schur (1907) its multiplicator is also isomorphic to C,.

The use of the above determination of the multiplicator as a means of finding the second
cohomology group is a labour-saving method for those problems involving the extension of a
group by its multiplicator and is far simpler than direct application of cohomology theory.

The results may be summarized as follows.

multiplicator

isomorphic to point groups
Cl Cm Szm C(zn—l)ha D2n+1s C(2n+l)v
Cz Cznh’ Cznw Dzm -Dnda D(2n+1)h: T: Tda Th’ 0’ I’ Ih: K: Kh
C,xC, 0,

Cyx Gy x G, Dy,

It might be mentioned that although it is the case for the point groups that the multiplicators
are isomorphic to C; or products of C,, multiplicators of other types can appear, e.g. if pis a prime
number, the multiplicator of the direct product group C, x C, (used in describing molecules
exhibiting internal rotation) is isomorphic to C,,.
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REPRESENTATIONS OF POINT GROUPS 241

4. DETERMINATION OF THE REPRESENTATION GROUPS

The determination of the representation groups is usefully preceded by the determination of
the maximum possible number of such groups using theorem 1 and 11 of Schur (1907). To apply
these theorems we need to know the multiplicators, M, determined in the preceding section and
the commutator subgroups, K, of the point groups, G, themselves. The quotient groups G/K,
which are necessarily Abelian, are then factorized in terms of cyclic groups C, x G, x C, % ...,
where the orders €;, €,, ... are the integers referred to by Schur as the invariants of the quotient
group. The multiplicator is likewise factorized and its invariants may be denoted as ¢y, ¢, ... .
Schur (theorem 1) then proved that an upper bound to the number of representation groups,
nmax, wWas given by the product of all possible highest common factors of the type hcf (e, ¢;). When
G'is a complete group, for example the groups 7; and O, this upper bound is the actual number, 7.
When K = G, as is the case for the point groups 7 and KX, there can only be one representation
group (theorem 11 of (1907) and theorem 1v of (1904)) independent of the multiplicator. The
results may be summarized in the following table:

TaBLE 1. THE COMMUTATOR SUBGROUPS, MULTIPLICATORS AND NUMBERS OF
REPRESENTATION GROUPS OF THE POINT GROUPS

G K GIK M Moax 1
Cony G Cona Gy 1 1
CZn: Szm Cnh. (n Odd) Cl Czn 01 1 1
2n—1> C(Zn-l)'u Czn—l 2 Cl 1 1
Conn C Cy, % C, C, 4 2
D2n9 sz;’ Dnd’ Dnh (n Odd) Cn C2 X Cz CZ 4 {gg: # 1;
Dy c, Cox CyxCy  CyxCyxCy 512 {;EZ; 3
T D, C, C, 1 1
T, O T C, C, 2 2
T, D, C,x Cy C, 2 2
o, T Cy % G, C,x C, 16 4
I I 3 C, t 1
I, I C, C, 2 2
K K C, C, 1 1
K, K C, C, 2 2

The determination of the actual number, 7, of non-isomorphic representation groups of a
given group, G, requires an examination of the nmax possibilities to see if they lead to groups and
then what isomorphisms exist between them. This process can be facilitated by considering first
the representation groups of groups which can be specified by two generators and then using
these as a basis in a composition series for considering those groups which must be specified by
three or four generators and then stepwise to those groups which are conveniently specified by
four or five generators.

Let us consider a group G specified by two generators 4 and B such that 4' = B™ = E and
B4 = A*BY. A representation group Z for G must be specifiable in terms of two generators, P and
@ such that P* = Q# = Fand QP = PtQ". The order of G is Im sincefor all point groups in question
A¥ = B¥mand hence the order required for Z is 2/m since the multiplicator for all two-generator
point groups is of order 2. Hence, if P # Q¥ 2Im = Auie. A = 2L, p = mor A = [, p = 2m. If
however, P = Q% then 2lm = }Au i.e. A = 2/, p = 2m. (Cases such as A = 4/, u = m are
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242 L.L.BOYLE AND KERIE F. GREEN

excluded since these would not correspond to a multiplicator of order 2.) Considering now the
relation BA = A*BY, the corresponding relation QP = PfQ7 in the representation group can
permit different combinations of values of § and % according to the values of A and p. The results

can be summarized as follows:
commutators of #

A
generating relations in % 04 (x = 1) w (¥ = 2n— 1)
label A ~  multiplicator =1 ’ (y =1
p Pr=Qn=EF QP = P=Qv (E, PY E n even: Pl =F
1 ’ n odd: (PY# =E
ps P¥=Qr=E  QP=PeQy (E, P} (PP=E  PU=E
py Pl=@m=E  QP=P«Q (E, Qm} E Pl=E
m m m X n even: P2 = E
p Pl=Qm=E  QP=PQwr  (EQY @r=p gom SOSE
Q2P = P-1Q?
ps Pi=Qm=FE QP=PQ (E,P'=Qm E neven: P =B
s ’ nodd:  (PYR=E
s PU=Qm=EF QP=PwQr  {EP=QY (P)=E PU=E

P2 P=Qm=F QP = peQu+m {E,P'=Qm} (P)'=E P2 =FE

s Pil=Qm=F QP = PrHiQuim {E, P'= Qm} E Z 3"311:1 ﬁ:_ffE

Of the eight possibilities it may be noted that p, = pg and pg = p, since for these groups the
invariant element P! = Q™. Among the relevant point groups, we always have y = 1 and either
x = 1 (for the C,,, family) or x = 2n— 1 (for the D,, family). For these two cases, the generating
relations of the commutator subgroups of the representation groups are listed. Comparison with
the elements of the multiplicator shows that for the C,,; groups, p, and p4 are possible represen-
tation groups when / is even which is the case since [ = 2n, and p, is a representation group when
m is even, which is satisfied since m = 2 for the C,,;, point groups. In fact p, and pq are isomorphic
since different choices of generators will lead to the two different formulations of the group. There
are thus only two different representation groups for each group of the C,,;, family.

In the case of the D,, groups, comparison of commutator subgroups and multiplicators shows
that when z is even, p;, p,, p5 and pg are possible representation groups while when 7 is odd, p,,
p4 and pg are the possible representation groups. Detailed examination of the structure of these
groups shows that when 7 is even, p, is isomorphic to p, and hence there will be three representa-
tion groups, albeit of different types, for each value of# # 1. Whenn = 1, p, = p, and so there are
then only two non-isomorphic representation groups, namely p, and pg.

This approach may be extended to the remaining point groups by considering the following
composition series in which each group is a normal subgroup of the following group so that by
addition of one generator and a specification of its multiplicative properties with the other gen-
erators, one can arrive at the next group in the series:

D2_> T—>7;a
Dy—>T—-0(xT,) 0,
Dy~ T—>1-+1,

The derivation of the representation groups for the cubic and icosahedral point groups was
straightforward, even for the case of O, where the multiplicator was of increased order. The groups
of the family D,,;, however, where the multiplicator is of order 8 required an approach similar to
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REPRESENTATIONS OF POINT GROUPS 243

that for two generators. It was found that of Schur’s 512 possibilities only 64 need be considered
a priort, of which only 14 satisfied the conditions relating the commutators and multiplicators. Of
these 14 possibilities it turned out that for any given group of the D,,; (n > 1) family, only two
non-isomorphic representation groups could be found while for D, itself there was only one
possible representation group.

It has already been mentioned in the determination of the multiplicators of the spherical groups
that the double group K’ is a representation group for the rotation group K and this must be the
only such group. The double group Kj, is one representation group of K, the second being one
in which a non-invariant four-fold element and its inverse map onto the inversion.

The actual numbers, 7, of representation groups may be found collected in table 1.

5. CHARACTER TABLES OF THE REPRESENTATION GROUPS

The following character tables of the representation groups are listed here for the first time.
These supersede all previous compilations of projective representations, either because earlier
tables do not list more than one possible set of projective representations (Déring 1956; Hurley
1966) or, additionally, they contain demonstrable errors (e.g. the D,, tables of Janssen (1973) and
Mozyrzymas (1975)), usually in an incorrect specification of the sign of some characters. The
advantage of using the full representation group rather than a set of characters of the projective
representations of the point group is that # is a genuine group and hence operations involving the
projective representations, such as symmetrization of powers, can be performed without need
for any additional algebraic formulations. The tables are also useful as they contain all central
extensions of G by M and hence may assist in physical problems where group extensions are
needed as well as enlarging the categories of abstract groups for which character tables are
available.

The tables are presented in the format customary in molecular physics in which {1, 2, 3, 4,
5, 6, 8, 12}-dimensional representations are denoted by the letters {4, E, T, G, H, I, K, O} of the
Mulliken-Placzek system irrespective of whether the degeneracy is separable (Frobenius &
Schur 1906) or not. The complex conjugate components of separably degenerate representations
have been denoted by the superscripts + and —. The elements of the multiplicator, M, have
been placed at the beginning and, since they coincide with the centre of the representation group,
their characters are + those for the identity element. The vector representations have positive
characters for all elements of the multiplicator, while the projective representations have half
of these characters positive and half negative. The different classes of representations have been
called w-representations by Bradley & Backhouse (1970) and are denoted by subscripts «, 5,
af, etc. (except for those groups with multiplicator C, where the well-known double group is a
representation group: in such cases the double-valued representations denoted by half-integral
subscripts are the projective or a-representations). The elements of the representation group have
been described in terms of generators P, Q, R, ... and the elements of the point group (described
in terms of generators 4, B, C, ...) to which these correspond are indicated in the relevant columns
below the characters. The composition of a class has been denoted by a symbol of type Xe, which
means that it contains X elements of order x. The relations between the generators for both
Z and G have been collected on the right-hand side. Where feasible, inverse pairs of elements
have been collected on the same horizontal line and, when in the same class, are separated by
commas. Elements separated by semi-colons are not inverses.
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The abstract generators of the point groups may be identified by means of table 2.
It may be mentioned that not only do these tables contain the first correct characters for the
projective representations of D, but also they consider the icosahedral groups for the first time.

TABLE 2. IDENTIFICATION OF THE GENERATING ELEMENTS OF THE POINT GROUPS WITH THE
ABSTRACT GENERATORS DERIVED BY MAPPING FROM THE REPRESENTATION GROUPS

G A B C D F I
Conn Con Op
Cono C, Ty
/,/’\ D2n C2n Cé
<\/<Jf nd San Tg
-~ Doninn  Senia Oy
2 2nh Czn gv Ty
H Y Cyve
> E T, Cs c: Cue S,
@) o T, 7 g C o oy
= 0 5 g G e
(48] U 0, Cs s Csve Cy® Sy
eole 1 3 cz Cme Cieoe™
[ I, & g o o™ 8,

=l )
5% TABLE 3. THE CHARACTER TABLES OF THE REPRESENTATION GROUPS OF THE POINT GROUPS
== I<p<n I<sp<sn—1 1<p<n—-1 t<p< -1
(o) Q<) LS le; 1le, 2637 [hottn, 391 ) L€iemtn, 2) 2¢, 26 em@nitmoten, »,4) | S elements
8‘2 p2r-1()2 Q3 PrQ@? Prr=Qi=E
=3 R (Co) | E @ Pt p P Q PrQ QP =PQs
ol 4, |1 1 1 1 1 1 1
B, |1 1 -1 1 1 (—1)» (=1)nte
4, |1 1 1 1 1 -1 -1
B, |1 1 -1 1 1 (=1)ntl (=1)rtotl
Eb |1 1 eler-Dan e2ilomn e2ilomin (—1) _ eilonin a=+1
<l<sn-1;E, {Ez; 1 1 e-ilep-Dnin e-2itpmin e-2ilon/n (—1) — e—llomin
Et+ 1 1 eil2p-1n/n elilon/n e2ilon/n (—1)H1 elten/n
<i<n—1;E, {Eg 1 1 e-ilep-Dnin e-2ilpn/n e—2ilon/n (— 1)1 e—ilom/n
ven; Ep, |2 =2 0 -2 2 0 0
E, |2 =2 0 2 -2 0 0 . 1
Gf |2 -2 0 ezl — eanliln 0 0 -
I<}(n—1); G {Gl— 2 _9 0 9e-2nliln — 9e-2nliln 0 0
Conn | E A1 A42» B A?B An=B*=F
gl BA = AB
<\<Yﬂ
e { 1<p<n—1 }
< 1<p<n n+l<p<2—1 1<p<2n-1
> > ley 16y 264mpmeitn,20-0  Caninetien, ) 26, 261man/inetan, o, o | 81 elements
o : Pin=Q*=FE
M — Pp2nt2p-1 Pan P2n+pQ P2n = Q2
O PCo) | E P Pt pro Q PrQ QP = PriiQ
L O 4, |1t 1 1 1 1 '
=« B, |1 1 -t 1 (=) (=1)ntr
:tl 72} 4, 1 1 1 1 -1 -1
o Z B 1 1 =1 1 (—1)mit (—q)niril
=0 i a=+1
I -~ . El_z 1 1 eil(Zp—l)nln ezilzm/n ( — l)l — eilzm/n -
85 5 1<i<sn—1E, {%—J& i i e_l;;(zpl—)n/nm e;?iln]nin E_ 1§§ _le—iupu/n
< ei p-1)min eipﬂ" _1 +1 cim\:n
8%) 1<i<n—1E, { ,;—E 1 1 e—il@p-1n/n e-2ilonin (=11 e—ilonin
§§ nodd; E, |2 -2 0 2(—1)? 0 0
GL 12 -2 0 2eir@l-Dn/n 0 0 a=—1
B = 1 <I<3n;Giy {Gg 9 _2 0 9e-in@i-Dnin 0 0
Conn | E 4zr-1 A2 B A?B A= B2 = F
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TaBLE 3 (cont.)
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TRANSACTIONS
OF

1<p<2n-1
le; 1ey 2640 netan, » 2ne, 2ne, 8n elements
0<g<2n—1 0<g<2n—1
Pin-» Pin — Q4 = E; pP2n — Qz
R,D,,) | E P Pr PuQ Pt1() QP = P19
4, |1 1 1 1 1
4, | 1 1 1 -1 -1
B |1 1 (=17 1 -1 a=+1
B, |1 1 (=17 -1 1
1<i<sn—-1L;E |2 2 2cos (lprfn) 0 0
1<i<n; Eg |2 =2 2cos{(2—1)pn/2n} 0 0 a=-—1
D,, | E A7 A% B A201B A= B2 =F
0<g<sn—1 0<g¢g<n—1 BA = 4*"'B
1<p<2n-1
le; 1e, 264 fnetian, v 2ne, 2ne, 8n elements
0<¢g<2n—1 0<g<2n-—1
Pan-p Pin=Q2=E
R, Dy,) | E P P? P2Q Pp2at1Q QP = Pin-1Q
4, 1 1 1 1 1
4, 1 1 1 -1 -1
B, 1 1 (=17 1 -1 a=+1
B, 1 1 (=1 -1 1
1<i<n—-1;E 2 2 2cos{ipn|n} 0 0
1<li<n; E, |2 =2 2cos{(2(—1)prn/2n} 0 0 a=—1
D,, | E A4r nA*B nA2+1B A = B2 = F
0<g<n-—1 0<g<n—1 BA = A**1B
1<p<2n 1<p<2n-—1
le; 1le, 2€gn [netlan, 20—1) 264 Inetlan, ») 4ne, 4ne, 167 elements
O0<g<4n 0<g<4n
Pan—-2p+1 P8n—2p P8n — Qg =FE
RyD,,) | E P P p2r P2Q) Pt1Q QP = pin-1Q
4, 1 1 1 1 1 1
A4, 1 1 1 1 —1 -1
B, 1 1 -1 1 1 -1 a=-+1
B, |1 1 - 1 -1 1
n—1; E, 2 2 2cos{(2p—1) In[2n} 2 cos{lpm[n} 0 0
<G G |2 -2 Z2isin{(2p—1) (2l—1)n[4n} 2cos{(2/—1) pr|2n} 0 0 } =1
sEsSh l“{Gl; 2 -2 —2isin{(2p—1) (2l—1)n[4n}  2cos{(2]—1) pn|2n} 0 0 -
Duz E A2p-1 A2p A% B A2l B Ain = B2 = F
Adn=29+1 0<g¢<2n 0<g<2n BA = A*-1B

17 Vol. 288. A.
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4
4
Q
P2
P2

P3R

P3R3
PQ2R
PQ2R®

4e, de, de,
P@? PR
P33 PR?
P3Q%R
P3 Q 2R3

PQR?
P3QR?

4,

PQ

P3Q
PQ3R?
P3 Q3R2

464 464
Q,Q? R,R?
P2Q’ P2Q3 Q2R’ Q2R3

4e,
P,P?
PR?, P3R?

TaBLE 3 (cont.)
4e,
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=
1<p<n—1
é E 1e; 1e, 1e, 1€, 1e, 1e, 1e, 1e, 265,
23]
=
= O
E O . Pin-22(2
w RB1(Dynz) E pan Q2 R2 Q2R? PenQ? P2nR: PnQ2R? P2
-l ()
52 A, 1 1 1 1 1 1 1 1 1
EQ Ay, 1 1 1 1 1 1 1 1 1
&t By, 1 1 1 1 1 1 1 1 1
oZ o B,, 1 1 1 1 1 1 1 1 1
8m Ay 1 1 1 1 1 1 1 1 1
=|§ Ay 1 1 1 1 1 1 1 1 1
T By, 1 1 1 1 1 1 1 1 1
A= B,, 1 1 1 1 1 1 1 1 1
<l<gsn-—1; E, 2 2 2 2 2 2 2 2 2 cos{2{pm[n}
<l<g<n—1; E,, 2 2 2 2 2 2 2 2 2 cos{2lpr[n}
<< 2n E, 2 -2 2 2 2 -2 -2 -2 2cos{(2l—1) pri
Eyp 2 2 —2 2 - -2 2 -2 -
Eyp 2 2 -2 2 -2 -2 2 -2 -2
G} 2 2 -2 2 -2 -2 2 -2 — 2 cos{2lprn}
<l<n—1; 18 prin
Stsn—1i; Glﬂ{ B 2 2 -2 2 -2 -2 2 -2 — 2 cos{2lpn|n}
E,, 2 2 2 -2 -2 2 -2 -2 2
E,, 2 2 2 -2 -2 2 -2 -2 2
e G {G;,‘ 2 2 2 -2 -2 2 -2 -2 2(—1)?
retts 716Gy 2 2 2 -2 -2 2 -2 -2 2(—1)»
<li<i(n—-1); Gy 4 4 4 ~4 —4 4 -4 —4 4 cos{2lpn[n}
G;, 2 -2 -2 2 -2 2 -2 2 —2cos{(2l—1)

‘ <n: 1af pr
o si<n Gup {G,} s |2 -2 -2 2 -2 2 -2 2 —2cos{(2l—1) pn
<L G 2 -2 2 -2 -2 -2 2 2 2(—1)?

= . ay
= Y>dd; Gav{G;y 2 -2 2 -2 -2 -2 2 2 2(—1)7
< <l < in; Gy 4 —4 4 —4 —4 —4 4 4 dcos{(2l—1) pnfr
P c {Gj,;, 2 2 -2 -2 2 -2 -2 2 -
olm A\Gg, | 2 2 -2 -2 2 -2 -2 2 -2
o7 Heven; Eyg, |2 2 -2 -2 2 -2 -2 2 2(—1)7+1
—ven; Eyp, |2 2 -2 -2 2 -2 -2 2 2(—1)»#
FHU<i<i(-1; Gy, |4 4 —4 —4 4 —4 -4 4 — 4 cos{2lpmn}
T Odd; iy | 2 —2 _2 —2 2 2 2 _2 2(— 1)+
= v»1ydd; 2afy | 2 -2 -2 -2 2 2 2 -2 2(—1)r#
i< ing gy | 4 —4 —4 —4 4 4 4 —4 —4cos{(2/—1)pn
DZnh E

PHILOSOPHICAL
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OF
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2 cos{(2[—1) pr/n}
2 cos{(2]—1) pn[n}

—2cos{(2/—1) pr[n}
—2cos{(2l—1) prn}

2cos{(2/—1) (2p—1) n[2n}
2cos{(2/—1) (2p—1) n[2n}
0

2cos{(2{—1) prn}
2cos{(2{—1) pr[n}

1 1<p<sn—1 1<p<n-—1 1<p<n 1<p<gn—1 1<p:
2630 26,y 4€4n mottan, 2p-1 2€3n nestan, 2 464 notiar
P4n+l—2PR2 P4n+1—21

p2r-1R2 Par-1(

P4n—2PR2 P4n—2pR2 P4n+1—2p Pin—2p P4n+1—:
P2rR2 P22Q)2R? par-1 P2 par-1

1 1 1 1 1

1 1 1 1 1

1 1 -1 1 -1

1 1 -1 1 -1

1 1 1 1 1

1 1 1 1 1

1 1 -1 1 -1

1 1 -1 1 -1

2 cos {2lprn|n} 2 cos {2lpmn} 2cos{l(2p—1) n|n} 2 cos {2lpn|n} 2cos{l(2p-
2 cos {2lpr[n} 2 cos {2lpnn} 2cos{l(2p—1) nn} 2 cos{2lpn[n} 2cos{l(2p-
2 cos{(2{—1) pr/n} 2cos{(2l—1)prfn}  2cos{(2l—1) (2p—1) n[2n}  2cos{(2l—1) px/n} 2cos{(2l—1) (¢
2 — 2 2 -2

2 -2 -2 2 2

2 cos {2lpr|n} —2cos{2lpn|n} 2 cos{l(2p—1) n|n} 2 cos {2lpn[n} —2cos{l(2p
2 cos{2lpm/n} —2cos{2lpn[n} 2cos{l(2p—1) n[n} 2 cos {2lp[n} —2cos ({(2p
-2 — 0 2 0

-2 -2 0 2 0
2(—1)2+1 9(—1)7+1 0 2(—1)r 0
2(—1)r+L 2(— 1)+t 0 2(—1)» 0
—4cos{2lprn|n} — 4 cos{2lpn[n} 0 4 cos{2pln|n} 0

—2cos{(2[—1)
—2cos{(2l—1)

PHILOSOPHICAL
TRANSACTIONS
OF

2(—1)7+1 2(—1)741 2(—1)? 0
2(—1)7+1 2(—1)211 0 9(—1)? 0
—4cos{(2l—1) pr[n}  —4cos{(20—1)prn[n} 0 4 cos{(2l—1) pr[n} 0
-2 2 0 2 0
-2 2 0 2 0
2(—1)p+t 2(—1)7 0 2(—1)7 0
2(— 1)+t 2(—1)7 0 2(—1)r 0
n} — 4 cos{2lpn[n} 4 cos {2lpnn} 0 4 cos{2lpn|n} 0
2(—1)7+ 2(—1)r 0 2(—1)? 0
2(—1)7+1 2(—1)r 0 2(—1)? 0
—4cos{(2/—1) pn[n} dcos{(2l—1) pr[n} 0 4cos{(2l—1) pr[n} 0
A2p-1 A2
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P 9

e \

A

—
§>-1p<n 1<p<2n 0<p<2n-1
@) = tan,20-0 4€40 [ncrian, 20-1 4651 fncten—3, 1) 4ne, 4ne, 4ne,
mg_} 0<g<2n—1 0<g<2n—1 1<qg<2n
[-u G —2pQ2R2 P4n+1—2pQ2R3 P4n—217Q2R3
I »IQZRZ P4'n+1—217Q2R P4n—217Q2R
1—21)Q2 P2p—1R3 P2pR3 P2QQ3 P2q Q3R2 P2q—1Q3R2
H w» '-—IQZ P217—1R P22)R PZQQ P2qQR2 PZQ—IQ
12
32 1 1 1 1 1 1
=0 1 1 1 —1 -1 —1
a5, -1 (= 1)1 (=1)» 1 1 -1
8< o-1 (—1)m1 (—=1)n -1 -1 1
le) ‘2 1 -1 -1 -1 -1 -1
=Z 1 —1 —1 1 1 1
Tee -1 (—1)n (—1)n-1 —1 —1 1
&1y (—1)n (—1)n-1 1 1 —1
h—1) n/n} (—1)!2cos{l(2p—1) n[n} (—1)!2cos{2lpn|n} 0 0 0
b—1) nfn} (—1)"12cos{l(2p— 1) n[n} (= 1)"*12 cos{2lpn/n} 0 0 0
@p—1)nf2n)  (—1)2cos{(2—1) (2p—1) m/2n} (—1)12cos{(2l— 1) pm|n} 0 0 0
-2 0 0 0 0 0
2 0 0 0 0 0
2p—1) n/n} 2isin{l(2p—1) rn} 2isin {2lpn[n} 0 0 0
2p—1) nn} —2isin{l(2p—1) =[n} — 2isin{2lpn[n} 0 0 0
0 0 0 2 -2 0
0 0 0 -2 2 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
) (2p—1) w20} 2isin{(2/—1) (2p—1) n/2n} 2isin{(2{—1) pn/n} 0 0 0
//i;} ) @p—1)nf2y —2isin{(2[—1) (2p—1) n[2n} —2isin{(2{— 1) pm/n} 0 0 0
< 0 0 0 0 0 0
a0 0 0 0 0 0
0 0 0 0 0 0
§ >~ 0 0 0 0 0 2
OFo 0 0 0 0 -2
m oo 0 0 0 0 0
=0 0 0 0 0 0
O 0 0 0 0 0
L O o 0 0 0 0 0
Fwo 0 0 0 0 0
0 0 0 0 0 0
A2e-10 A2rC A2 B 4291
0<g<n-—1 1<g<n
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4ne,
<gs<sn
P4q—3QR3
Pia-3Q3R

P4q—1Q3 R3

Pu-1QR

L.L.BOYLE AND KERIE F. GREEN

647 elements

Pin=Qt=Ri=E
QP = P1Q; RQ = QR
PR = R°P

SRR R Rl O o R R R R R N N - R-R-R-NN
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|
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R R =R i N N R - R

-
[
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l
[i

<

—

O[_‘ 4ne, 4ne,
<g<2n 1<qg<2n

A=h

= O

I @) >q-1Q3R?  pr-1QRe

=w Pu-1Q) Pu-1Q3

-l ()

52 1 1

=9 | -1 ~1

== | _1 -1

o%s 1 1

ocn -1 -1

=Z 1
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o
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R

|
[a

[
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|
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S
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|
coococococcoom®
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coococococooconm

1
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1
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|
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O NONMNNOODODODODODO0OODODDOODDDO0D0DO0DO0O0O0O

a=+1;f=+1;y=+1

a=—1;=+1;y=+1

a=+1;=—-1;yv=+1

a=+1;=+1;y=—

(o4

a=—-1;=+1;y=—1

0(,=—1 ﬂ_-—l ')/——

A2e-1B
I<g<n

PHILOSOPHICAL
TRANSACTIONS
OF

i(n—1) 1<q

A%-1BC

<g<i(n+l) 1<g<in

A2n — BZ C2
BA = A2n- 1B
CA = AC; CB = BC
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=
—
olm
M 1<p<2n—1 1
o G le;, le, ley, 1le, e 1e, 1e, 1e, 2€4n netan, » §
= w
:E“£ Ppsn-20()2
%o '-%Z(D4nh) E P4n Q2 R2 Q2R2 P4nQ2 P4nR2 P4nQ2R2 PZPQZ
85 . 4, 1 1 1 1 1 1 1 1 1
RO Ay, t 1 1 1 1 1 1 1 1
oZ » 11 1 1 1 1 1 1 1
=< - 1 1 1 1 1 1 1 1 1
Toe
= Ay, 11 1 1 1 1 1 1 1
Ay, 1 1 1 1 1 1 1 1 1
By, 11 1 1 1 1 1 1 1
o 1 1 11 1 1 1 1 1
1<i<2n—1; Ey 2 2 2 2 2 2 2 2 2 cos {lpnn} 2
1<i<2n—1; E, 2 2 2 2 2 2 2 2 2 cos{lpn|n} 2
. G 2 -2 2 2 2 -2 -2 -2 2 cos{(2l—1) pr/2n} 2co
1<i<2m Gy {G{a 2 —2 2 2 2 -2 —2 —2 2 cos{(20— 1) p/2n} 2co
Eyp 2 2 -2 2 -2 -2 2 -2 -2
Egz | 2 2 -2 2 -2 -2 2 -2 -2
B . Gis 2 2 -2 2 -2 -2 2 -2 2(—1)r+1
i< 2""1’G’ﬂ{G;ﬂ 2 2 -2 2 -2 -2 2 -2 2(—1)r+L
Ey, 2 2 2 -2 -2 2 -2 -2 2
Ey | 2 2 2 -2 -2 2 -2 -2 2
; c [Cs 2 2 2 -2 -2 2 -2 -2 2(—1)?
P& 7\G, 2 2 2 -2 -2 2 -2 -2 2(—1)?
“Ni<isn-1; G, 4 4 4 —4 —4 4 —4 —4 4cos{(20—1) pr|n} —4
— Gt 2 —2 -2 2 -2 2 -2 2 —2cos{(2l—1) 2p—1)m[2n}  2cos{.
. J;
< >_‘1<l<2n’cl"‘ﬂ{Gl;ﬂ 2 -2 -2 2 -2 2 -2 2 —2cos{(2l—1) (2p—1) =[2n} 2 cos{
> Cis<isn Gy | ¢ —4 4 —4 -4 4 4 4 dcos{(20—1) pr/2n} —4dc
O c {G}?.,, 2 2 -2 -2 2 -2 -2 2 —2
ez = \Ggy | 2 2 -2 -2 2 -2 -2 2 -2
MO Egy | 2 2 -2 -2 2 -2 -2 2 2(—1)7+1
T O Ey, | 2 2 -2 -2 2 -2 -2 2 2(—1)7+1
[_(mlglsn—l, Gigy 4 4 —4 -4 4 -4 —4 4 —4cos{(2{—1) pr[n} —4c
1<i<sn wpy | & —4 —4 —4 4 4 4 —4 —4cos{(2/—1) pr|2n} —4c
D4’nh E

PHILOSOPHICAL
TRANSACTIONS
OF
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B o

A

a
//\

=
= E T.
Codm 1<p<2n-1 1<p<2n—1 1<p<2n 1<p<2n—1
w G 2€4nhestan, n) 264n/nettan, ) 4€50/not(an, 40—) 2€4nnettan, »)
E 9) Pants—avR2
P4p—3R2
:EI (£ Psn—2pR2 Psn-2pQ2R? Pin+3—4p psn—2p
V5 P2rR? P2rQ2R? par-3 per
EL‘, . 1 1 1 1
Q<o 1 1 1 1
oZ 1 1 -1 1
=< 1 1 -1 1
e 1 1 1 1
1 1 1 1
1 1 -1 1
1 1 -1 1
2 cos {lpm|n} 2 cos{lprn|n} 2 cos{l(4p— 3) m[2n} 2 cos{lprn|n}
2 cos {lpn[n} 2 cos {lpn[n} 2 cos {{(4p— 3) n[2n} 2 cos{lpn[n}
cos{(2l— 1) pr/2n} 2cos{(2]— 1) pr/2n} 2isin {(20—1) (4p — 3)n[4n} 2cos{(2]—1) pr[2n} 2is]
cos{(20— 1) pr|2n} 2 cos{(20— 1) pr[2n} — 2isin{(2/— 1) (4p— 3) n/dn} 2 cos {(21— 1) pr/2n} —2i
2 -2 2 2
2 -2 -2 2
2(—1)7 2(— 1)+t 0 2(—1)7 %isi
2(—1)7 2(—1)r+t 0 2(—1)r —9is
-2 -2 0 2
-2 -2 0 2
L 2(—1)r 2(—1)7+1 0 2(—1)7
o 2(—1)rH 2(—1)r+1 0 2(—1)?
- -4cos{(2l-1) pr/n} —4cos{(2l—1) pnn} 0 4 cos{(2l—1) pr|n}
= s{(21-1) (2p—1)m[2n} —2cos{(2]—1) (2p—1)n[2n} 2isin{(2—1) (4p— 3) n/4n} 2cos{(2l—1) (2p—1)m[2n}  2co
<€ s{(@-1) (2p—1)w[2n} —2cos{(2—1) (2p—1)w[2n} —2isin{(2[—1) (4p—3) n[4n} 2cos (21—1) (2p—1) /2n} 2co
> 'S tcos{(2l—1) pr[2n} —4cos{(2l— 1) pr/2n} 0 4 cos{(2]—1) pr/2n}
OF " 2 0 2
= -2 2 0 2
My -1 2(—1)7 0 2(—1)7
- 2(— 1)+t 2(—1)7 0 2(—1)?
= Olcos{(2l—1)[m/n} 4 cos{(2l—1) pr[n} 0 4 cos{(2l—1) pr[n}
e tcos{(2l—1) pr[2n} 4 cos{(2]—1) pr[2n} 0 4 cos{(2!—1) pr/2n}
A2p—1 A2p
Ain+1-2p
1<p<n
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> E T'ABLE 3 (cont.)
2”—1 1<p<i4n 0<p<dn—1 1<p<2n
w G 4€8n/hettar—1, m) 4€4/nettn, ») 4630 /nastan, 49-9) 8ne, 8ne,
IO 0<g<sdn—1 0<g<dn—.
H A P4ﬂ+l—2pQ2R3 PSn—ZpQ2R3 P4n+3—4pQ2R2
Pint1-2Q2R Psn—20Q2R Pir-3Q2R?
:EI (£ P2r-1R3 P20R3 Pin+3-4p(Q)2 P2Q3 P22Q3R?
V5 P2r-1R PR Pir-3(2 PQ PQR?
= —
a5, 1 1 1 1 1
Q<3 1 1 1 —1 —1
oZ —1 (—1)? —1 1 1
== -1 (—=1)? -1 -1 -1
e -1 -1 1 -1 ~1
-1 -1 1 1 1
1 (—1)2+1 —1 ~1 —1
1 (—1)r+t —1 1 1
2cos{l(2p— 1) m[2n} 2 cos{lpn[n} 2cos{l(4p— 3) w/2n} 0 0
—2cos{l(2p—1) n|2n} — 2 cos{lpn[n} 2 cos{l(4p— 3) n[2n} 0 0
isin{(20+1) (2p— 1) mjdn} (1)1 2cos{(2— 1) x/2n} 2isin{(2[— 1) (4p— 3) x/dn} 0 0
2isin{(2/+1) (2p— 1) mfdn} (—1)"*+12cos{(2]— 1) pr[2n} —2isin{(2{— 1) (4p— 3) w/4n} 0 0
0 0 -2 0 0
0 0 2 0 0
sin{(2/—1) (2p— 1) n2n} 2isin{(2/—1) pr[n} 0 0 0
Yisin{(2/—1) (2p—1) x/2n} —2isin{(2/— 1) pn[n} 0 0 0
0 0 0 2 -2
0 0 0 -2 2
- 0 0 0 0 0
e 0 0 0 0 0
~ 0 0 0 0 0
=~ cos{(2l—1) (2p— 1) m|4n} 2isin{(2{— 1) pr[2n} —2isin{(2]— 1) (4p— 3) n[4n} 0 0
< S cos{(2/—1) (2p— 1) n[4dn} —2isin{(2]—1) pr[2n} 2isin{(2/— 1) (4p— 3) n[4n} 0 0
> 0 0 0 0 0
olm 0 0 0 0 0
= 0 0 0 0 0
N3 0 0 0 0 0
I o 0 0 0 0 0
— 0 0 0 0 0
0 0 0 0 0
A20-10 A2oC A2B
1<p<2n 0<p<an—1 0<g<2n—1
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8ne,

I<g<4n

P2a-1Q3R2
P2q—1Q

8ne,

I1<g<4n

P-1QR2

P2q—1Q3

8ne,

O0<g<sn—1
Pa-2(3Rs

PU—4Q3R
Pia-2 Q R3
Pu~4QR

0<g<n-—1 0<g<sn-—1 0<g<n-—1
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1
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| |
OO O OO0 OO OO M = -

1
-1
-1

1
-1

OO OO0 = EH M

l
coocopmpOoOoOOOO

QOO OO0 OO O b 1 =

[y

!
.
|
—_

|

QOO OO OO OO O

cocoocooccoonN

[y

CONMNNOOO DO ODODDOOO =

OQONMMNMNOODOODODODODODOOODODOOOODOO R

T ———— L T N T T
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A2e-1B

1<g<?2n

A%BC

O0<g<n—1

O0<g<n-1 O0<g<sn-—1 0<g<n-—1

128n
pP8n =
QP-

RP

RQ
a=+1;4
a=-1;f
a=+1;4
a=+1;4
a=-1;4
a=-1;4
a=+1; 4
a=-1;4
Adn = F
BA =
CA = At
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olm
23] _
D{( — 1le 1e le, le 1e 1le. le 1e. 1<§e< 2
[_u U 1 2 2 2 2 2 2 2 4n—2
= w
=17, 9 9
52 4n—2 2 2 2 P2 An—2()2 4an—2 P2 4n—2()2 2 PS”““;“’?‘
Eg Ry(Dan-vn) | E P Q* R QR? Pin2Q* PR PAn2QRR P2rQ
85 it Ay, 1 1 T 1 1 1 1 1 1
aZ O Ayg 1 1 11 1 1 1 1 1
oz B, 1 1 11 1 1 1 2 1
= By, 1 1 1 11 1 1 1 1
o Ay 1 1 111 1 1 1 1
Agy 1 1 1 11 1 1 1 1
By, 1 1 111 1 1 1 1
B,, 1 1 111 1 1 1 1
i< 2n-2; E;, 2 2 2 2 2 2 2 2 2 cos {2lpr[(2n— 1)}
<l<2n—-2; ?" g ; z g ; g g 3 2 cos é?l[ml/)@n—l)}
1o - - - - - r
E,, 2 -2 2 2 2 -2 -2 -2 2(—1)?
<li<n—1; g,a ; —; ; ; ; —; —; —; 4cos{(2l—1) pr/[(2n—1)}
18 - - - - -
Eyp 2 2 -2 2 -2 -2 2 -2 -2
<l<n—1; %ﬂ ; ; —; ; —; —; ; —; —4cos{21p;r/(2n—1)}
1y - - - -
E,, 2 2 2 —2 -2 2 -2 -2 2
G;: 2 2 2 —2 -2 2 -2 -2 2 cos {2lpm/(2n— 1)}
///\‘§l$2n—2, Gl _’Y <
¥ Y \G;, 2 2 2 —2 -2 2 -2 -2 2 cos{2lpr[(2n— 1)}
] +
B B Ghs | 2 -2 -2 2 -2 2 -2 2 —2cos{(2l—1) pr/(2n—1)}
2 gl<2n—-1; Gl“ﬂ{gz}ﬂ g —g —2 g —g g —g g —2cos{(22(l—11))pn/(2n—-1)}
i —_— —_ —_— — — V4
ay
>“E G“V{G;y 2 -2 2 -2 -2 -2 2 2 2(—1)7
2 sl<n—t; gﬁ}y ¢ -4 -4 - -4 s ¢ 4cos{(21—21)[m/(2n—1)}
ot By - - -2 - -
Q) Cay {G,;,/ 2 2 -2 -2 2 -2 -2 2 -2
T Osisn=1; Gy | 4 4 —4 —4 4 -4 —4 4 —4cos{2lpr|(2n—1)}
— NS li<dn-2; Eopy | 2 -2 -2 =2 2 2 2 -2 —2cos{(2l—1) pr[(2n—1)}
D(4n—2)h E
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Py
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i A

. S
N
olm
= 1<p<2n—2 1<p<2n-2 1<p<2n—1 1<p<2n—2
e
= O 2€4n—g 2€4p—2 4€(8n—a) met (4n—2,20—1) 2€an—2)Inot (4n—2, »)
T O
[y Pin-3+27Q2
P4n—1—2pQ2
:El ‘£ Ppen—d-20R2 Psn—i-20Q2Re psn—s—2p Psn—4—2p
% o) P2rR2 P2rQ2Re per-1 p2r
85 L 1 1 1 1
aZ O 1 1 1 1
oz 1 1 -1 1
Eé 1 1 -1 1
B = 1 1 1 1
1 1 1 1
1 1 -1 1
1 1 -1 1
2 cos{2lpn[(2n—1)} 2cos{2lpn[(2n—1)} 2cos{l(2p—1)n[(2n—1)} 2 cos{2lpn[(2n—1)} 2
2 cos{2lpn[(2n— 1)} 2 cos{2lpn[(2n—1)} 2cos{l(2p—1)n[(2n—1)} 2 cos{2lpn[(2n—1)} -2
2(—1)7 2(—1)7 0 2(—1)»
2(—1)? 2(—1)7 0 2(—1)7
4cos (2l—1) prf(2n—1)} 4cos{(2/—1)pr[(2n—1)} 0 4cos{(2[—1)pn/(2n—1)}
2 — 0 2
2 -2 0 2
4 cos{2lpn[(2n—1)} —4cos{2lpn[(2n—1)} 0 4 cos{2lpn|(2n—1)}
-2 -2 2 2
—2 -2 -2 2
4 —2cos{2lpn[(2n— 1)} —2cos{2lpr[(2n—1)} 2cos{l(2p—1)n[(2n—1)} 2 cos {2lpr[(2n—1)} 2:
> < —2cos{2lpn[(2n—1)} —2cos{2lpn[(2n— 1)} 2cos{l(2p—1)n[(2n—1)} 2 cos{2lpn[(2n—1)} —2i
N 2c0os{(20—1)prf(2n—1)} —2cos{(2l—1)pn|(2n—1)} 2cos{(2l—1) (2p—1)x/(4n—2)} 2cos{(2l—1)pn/(2n—1)} 2i
— 2cos{(2l—1)prnf(2n—1)} —2cos{(2l—1)pr[(2n—1)} 2cos{(2[—1) (2p—1)n[(4n—2)} 2cos{(2l—1)pn[(2n—1)} —2i
< — 2(—1)7+1 2(—1)741 0 2(=1)»
> —~ 2(— 1)+ 2(—1)2+1 0 2(—1)7
® g —4cos{(2l—1)pn[(2n—1)} —4cos{(2/—1)pn[(2n—1)} 0 4cos{(2l—1) pr[(2n—1)}
ez = - 2 0 2
SSN) -2 2 0 2
T @) —4cos{2lpn/(2n—1)} 4 cos{2lpn[(2n—1)} 0 4 cos{2lpn|(2n— 1)}
=y —2cos{(2l—1)pnf(2n—1)}  2cos{(2l—1)pn/(2n—1)} 2cos{(2/—1) (2p—1)n/(4n—2)} 2cos{(2—1)pn(2a—1)} 2

A2r—-1 A2
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OF



http://rsta.royalsocietypublishing.org/

/,//’ \\
'
{ A

J (

Py

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A \

THE ROYAL A

5\

/

v

SOCIETY
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TRANSACTIONS
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TaBLE 3 (cont.)
1<p<4n-2 0<p<4n-—3 1<p<2n—1
4€4n—2) net (an—2, 20-1 4€(80-1) ot (201, ) 4€(8n—a) Imet [tan—2, 3p—1) (8n—4) e,
0<g<4n-3
Pin-1-20Q3 s Pin-2-20Q3R3 Pin-3+20Q2R2
Pin-3+20Q3R Pin-2420Qs R Pin-1-2pQ2R2
Psn-3-2()Rs Psn—1-20Q)R3 psn—3—20R2 Paps
P2r-1QR P22QR Pper-1Re PR
1 1 1 1
1 1 1 —1
1 -1 -1 -1
1 -1 -1 1
-1 -1 1 1
-1 -1 1 -1
-1 1 -1 -1
-1 1 -1
2cos{l{(2p—1)m[(2n—1)} 2 cos {2ipn[(2n— 1)} 2cos{l{(2p—1)n[(2n—1)}
-2cos{l(2p—1)m[(n—1)} —2cos{2lpn[(2n—1)} 2cos{l(2p—1)n[(2n—1)}
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 —
0 0 0
0 0 -2
0 0 2
2isin{l(2p—1) w/(2n—1)} 2isin{2lpn[(2n— 1)} —2cos{l(2p—1)[(2n—1)}
2isin{l{(2p— 1) n[(2n— 1)} — 2isin {2ipn[(2n— 1)} —2cos{l{(2p— 1) m[](2n—1)}

2isin{(2[—1) (2p— 1) n[(2n—1)} 2isin{(2/—1) (2p+ 1) n/(4n— 2)} 2cos{(2/—1) (2p—1) n[(4n—2)}
2isin{(20—1) (2p—1)n/(2n—1)} —2isin{(2[—1) (2p+1)n[(4n—2)}  2cos{(20—1) (2p—1) n[(4n—2)}

QOO0 OOCONMNMNOOOOOS

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
2sin {(20—1) (2p—1) n[(4n—2)} 2sin{(2{—1) pr|(2n—1)} —2cos{(2l—1) (2p— U)n[(4n—2)}
A2r-1BC A2?BC AzC
1<p<2n-1 0<p<2n—-2 0<g<n
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(8n—4) ¢, (8n—4)e, (8n—4) ¢, (8n—4)e, (8n—4)e, (8n—4)¢e, (8n—4) ¢,

0<g<4n—-3 1<g<s4n—-2 1<sqg<s4n—-2 0<g<s<2n—2 0<¢g<2n—2 1<qg<2n—1 1<qg<2n-—-1

Pan—11()3R2 Pin—tat2Q3Re Psn-1-11QsR2 Psn—3-4()3R2

Pin—1aQR? Pan—w2QR2 Psn-1-4aQ R? Pen—3-42gR2

P2Q2R® Psn—20+1()2R3 P8n—20+10Q2R Pin—q()3 Pin—a+2()3 Psn—3-1a(j3 Psn—1-4q()3
quQZR P8n~2q+1R PBn—2q+1R3 P4n—4qQ P4n—4q+2Q PSn—3—4qQ PSn—1—4qQ
1 1 1 1 1 1 1
-1 -1 -1 -1 -1 -1 -1
—1 1 1 -1 -1 1 1
1 -1 -1 1 1 -1 -1
1 1 1 -1 -1 -1 -1
-1 -1 -1 1 1 1 1
-1 1 1 1 1 -1 -1
1 -1 -1 -1 -1 1 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 2 -2 0 0
0 0 0 -2 2 0 0
0 0 0 0 0 0 0
-2 0 0 0 0 0 0
2 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 21 —2i
0 0 0 0 0 —2i 21
0 0 0 0 0 0 0
0 21 —2i 0 0 0 0
0 —2i 21 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
Asn—20-1(C Adr—4—4aB Atn—10-2R Atn—4g+1B Adn—1a-1B
1<g<2n-1 0<g<n-—1 1<g<sn—1 1<g<n 1<g<sn—1
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4)e, (128n— 64) elements
12n—1

41(Q3R2 Psnt= Qi=Ri=E
—4(1QR2 QP=P41L—3Q3
L—ta()3 RP = Psn—sR
1-44() RQ = QR®

1

1

1

1

: a=+Lf=+Ly=+1
1

1

J

)

B)

) 1oc=—1,/3’—+1;7—+1
) |

)

) ‘la=+1;ﬂ=—1,7=+1
|

)

g }OC=+1,,8—+1,')’——1
)

; }a:—l,ﬂ:—l;‘}/——l—l
%

1 la:—l,ﬂ:-}—l;'y:—-l
) J

)

) }oc=+1;/i’_—1, =1
)

) } a:—l;ﬁ——l,’)’:—l
-1 Adn—2 = B2 = 02 = E

in—1

B4 = A*"3B
CA = AC
CB = BC
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-
>~
é o le, le, 1le, 1e b€, 8¢, 8, 24¢, 126,
K s, 83
— PQS, PQS®
=0 RS, R2S®
O PR®S, PR2S®
=w QRS, QRS?
—w PRS, P2RS?
32 P28, P2§3 PS, Qs?
2 PRPGR  ER BSs  PovorRe B
-9 ) > > >
82 5 P,p? QR,P’R*  PR:,P*QR P3RS, PRS® PSRS,P3QRS® P
84 Q,P*Q  PQR,P*QR* QR:,PQR  PQRS,P*QRS®  QR®S,PQR:S®  P(Q
=Z 7,0) | E P $ P2 PQPYQ PR,PR*  PQR®,P°R RS, RS® PSQR?S, PEQRES®  P*Ql
Te
a4, Tt 1 1 1 1 1 1 1 1
Ay TR S S 1 1 1 —1 —1
2 2 2 2 2 —1 ~1 0 0
3 3 3 3 —1 0 0 —1 1
3 3 3 3 —1 0 0 1 -1
t 1 1 1 1 1 1 1 1
t 111 1 1 1 —1 —1
2 2 2 2 2 -1 —1 0 0
3 3 3 3 —1 0 0 —1 1
3 3 3 3 —1 0 0 1 —1
4 —4 4 —4 0 2 —2 0 0
4 —4 4 —4 0 —1 1 0 0
4 —4 4 —4 0 -1 1 0 0
2 2 -2 -2 2 2 2 0 0
2 2 -2 —2 2 -1 —1 0 0
2 2 -2 -2 2 —1 —1 0 0
I 6 6 —6 —6 —2 0 0 0 0
2 ﬂ;ﬁg 2 —2 —2 2 0 1 —1 0 2
S Bl | 2 -2 -2 2 0 1 —1 0 —J2
OF Ea |2 -2 -2 2 0 1 —1 0 2
2 Eig | 2 -2 -2 2 0 1 —1 0 V2
— Gy | 4 —4 —4 4 0 —1 1 0 0
E‘U Gopu | 4 —4 -4 4 0 -1 1 0 0
= 8 0, E 4 AC cec D AD
B BC AC? ABD
AB ABC BC? c:D ABCD
ABC® ACD
BCD BCD
cD

PHILOSOPHICAL
TRANSACTIONS
OF
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P 9

e \

A

z TABLE 3 (cont.)
>
é T 1%, 6, Se, S, 26, 2, 12¢, 8¢,
2
= Q)
L O
=w PF
- Q1
5 p 4 QS, PS? PT,P3T PQ
59 P38, P2QS? QT,P2QT P2,
&  PRS,PQRS® PRS?, P3QR2S? R2S?, RS? PQT,P3QT RS
OF 57QRS, PRS® PS?, P3§? QRS?, P3R2S? PRS2, P2QRS? PS?T, P3S°T PR
8L QRS QRS QS P2Qs? PQRS?, P2QR%S?  QR2S? P3QRS? T P2T QS°T, P2QS*T QR?
=Z QRS,PQRS*  PQSPQS? P2RS?, P?R2S? PQR2S?, P3RS*  P2S*T  S*T  PQS*T,P3QS?T  PQR
Tl -
&= 1 1 1 1 1 1 1 ]
-1 1 1 1 1 1 1 1
0 2 -1 -1 2 2 2 -1
1 -1 0 0 3 3 -1 (
-1 -1 0 0 3 3 -1 (
1 1 1 1 -1 -1 -1 ~1
-1 1 1 1 -1 -1 -1 —1
0 2 -1 -1 -2 -2 -2 1
1 -1 0 0 -3 -3 1 (
-1 -1 0 0 -3 -3 1 (
0 0 2 -2 0 0 0 (
0 0 —1 1 0 0 0 —iys
0 0 -1 1 0 0 0 iy
0 -2 -2 -2 0 0 0 (
A0 -2 1 1 0 0 0 —iys
<[ 0 —2 1 1 0 0 0 iy
o0 2 0 0 0 0 0 (
—J2 0 -1 1 2 -2 0 1
§ S 42 0 -1 1 —-2 2 0 -1
OF 2 0 -1 1 2 -2 0 1
it 0 -1 1 -2 2 0 —1
— 0 0 1 -1 4 —4 0 —1
LE O o 0 1 -1 —4 4 0 1
©)
BD I Al Al
F@ BI Bi
ACD ABI AE
ABC®D

PHILOSOPHICAL
TRANSACTIONS
OF
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—
NI
é e 86, 86, 86, 24e, 12¢, 12¢,
=z = ST, P:ST
PQST, P5QST
E 8 REST, P*R:ST
PRST, P*R:ST
= w»PRT PSQRT RT RT QRST,P*QRST
i QRT PRT PRT P2QRT P2RST,RST
SZ °QrT PQR:T QRT PSQRT S3T, P2S3T PST, P*QST QST,P3ST
=O >RT PRT POQRT PSRT PQSST, P3QS*T PQRST, P*RST PRST, P*QRST
T asT RS2T PRS®T PSQR2S®T R2S3T, PRR2SST QRST, P*QR*ST PQR?ST, P*QR2S
O sresT P2QRS*T QRS*T PIR2S2T PR2ST, PRR2S® T QSST, P3S3T PSST, P2QST
&4 msT PSQRS*T  PQRS*T  PQRS*T QRSST, PPQRS*T PRSST, PSQRS®T PQRS®T, P*RS®
=Z RST PSRS®T PRS2T PRASET PRSST, RS®T PQRESST,P2QRS’T  QR2S®T, PSQR2S®
T
=N 1 1 1 1 1 1
1 1 1 -1 -1 -1
—1 -1 -1 0 0 0
0 0 0 -1 1 1
0 0 0 1 -1 -1
-1 —1 —1 -1 -1 -1
-1 ~1 -1 1 1 1
1 1 1 0 0 0
0 0 0 1 —1 -1
0 0 0 -1 1 1
0 0 0 0 0 0
i3 —iy3 iy3 0 0 0
—iy3 i3 —iy3 0 0 0
0 0 0 0 0 0
iy3 i3 —iy3 0 0 0
> < —iy3 —iy3 iy3 0 0 0
0 0 0 0 0 0 0
:tl 1 1 ~1 —1 0 V2 —J2
S >=-1 -1 1 1 0 2 —J2
oFt 1 —1 —1 0 —J2 J2
2 -1 —1 1 1 0 —J2 J2
5 -1 -1 1 1 0 0 0
- 1 1 -1 -1 0 0 0
E 8 AcI ci cr DI ADI BDI
BCI AcI ABDI ABCDI ACDI
1BCI BCI C*DI BC*DI ABC*DI
ABC?I AC2DI
BCDI
cDI

PHILOSOPHICAL
TRANSACTIONS
OF
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a
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PHILOSOPHICAL
TRANSACTIONS
OF

12¢4 192 elements
T,P38ST Pi=@Q*=R=8*=T2=FE
S PPQRST P2=Q?
[,P2QR2ST QP = P3Q; RP = QR; RQ = PQR;
L P2QST SP = P2QS; SQ = P3§; SR = R2S,;
3T, PSRS®T TP=PT;TQ = QT; TR=RT;
L P3QR2S3T TS = P33T

1
-1

0

1
-1
-1 a=+1;f=+1

1

0
-1

1

|

0 a=—-1;=+1

0 J

0

8 } a=+1;=-1

0
V2
V2

0

0
BDI A2=B*=C*=D*=I*=E
iCDI BA = AB; CA = BC; CB = ABC
BC2DI DA = BD; DB = AD; DC = C®D;

IA = AL IB = BI; IC = CI;
ID = DI



http://rsta.royalsocietypublishing.org/

\

n
/A \
=

X

A

a

—
>~
> o le, 1le, le, 1e, 6¢, 86, 8¢, 24e, 126, 12
2 33 S; ST® PS Qs
— PQS; PQST® P2QS P3¢
=0 R2S; REST? PQRS PR
O PR2S; PRAST® PSRS P3QI
=w QRS; QRST? QR3S PQR
— PRS; P*RST® P3QR2S P2QI
<z P2S; P2ST® PST® QST
£0 P3QS; P3QST®  PQST? P’
= PR, P*QR RLR PR®S; PPR®ST®  PQRST® PRS’
095 P,ps QR,PSR*  PR,P)QR  PSR®S, PSR®ST®  PSRST® PSQR!
ap Q,P*Q  PQR,PQR* QR:,PQR PQRS; P*QRST®  QR:ST*  PQR:
=Z &0) | E P T PT* PQ,PQ P*R,P:R®  PQR®,P°R RS; RST® PSQRST®  PQR:
= 4, |t 1 1 1 1 1 1 1 1 1
4, |t 1 1 1 1 1 1 —1 —1 -1
E 2 2 2 2 2 —1 -1 0 0 0
3 3 3 3 —1 0 0 -1 1 1
3 3 3 3 —1 0 0 1 —1 —1
1 101 1 1 1 1 1 1 1
1 11 1 1 1 1 —1 -1 —1
2 2 2 2 2 —1 —1 0 0 0
3 3 3 3 —1 0 0 -1 1 1
3 3 3 3 —1 0 0 1 —1 —1
4 —4 4 —4 0 —1 1 0 0 0
4 —4 4 —4 0 —1 1 0 0 0
2 —2 2 —2 0 1 —1 0 iy2 —iy2
2 —2 2 —2 ) 1 —1 0 —iy2 iy2
2 -2 2 -2 0 1 -1 0 iy2 —iy2
2 —2 2 -2 0 1 -1 0 —iy2 12
2 2 —2 —2 2 2 2 0 0 0
2 2 —2 —2 2 -1 —1 0 0 0
2 2 —2 —2 2 -1 -1 0 0 0
6 6 —6 —6 —2 0 0 0 0 0
4 —4 —4 4 0 2 —2 0 0 0
4 -4 —4 4 0 —1 1 0 0 0
4 —4 —4 4 0 —1 1 0 0 0
E 4 AC e C D 4D BL
B AC® AC? ABD
AB ABC BC? c2D ABCD ACI
ABC? ACD
BCD BC*D ABC
cD

PHILOSOPHICAL
TRANSACTIONS
OF
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TABLE 3 (cont.)

6e, 8eg 8eq 2¢, 2¢, 12¢, 8
—wn | 2RS
5 Z | ST? PT,P3T3
59 ST? QT,P2QT3
ST PRT?,P3QR2T* R*T% RT? PQT,P3QT® PRT,P?
@) &t’ 5 RST® PT2,P3T? QRT2PSR*T*  PR:T2,P:QRT*? PT3,P3T QRT,F
8 A RST? QT%P:QT?  PQRT?,P:QR*T® QR*T® PQRT® QT PQT PQRT,P
= E RST? PQT? P3QT? P2RT?%P2R*T?  PQR:T%,PRT® T,T®  P2T,P:T% PQT3,P3QT P2RT,}
T
&k |1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
0 2 -1 -1 2 2 2 -1
1 -1 0 0 3 3 -1 0
1 -1 0 0 3 3 -1 0
1 1 1 1 -1 -1 -1 -1
1 1 1 1 -1 -1 -1 -1
0 2 -1 -1 -2 -2 -2 1
1 -1 0 0 -3 -3 1 0
1 -1 0 0 -3 -3 1 0
0 0 -1 1 4 —4 0 -1
0 0 -1 1 —4 4 0 1
2 0 1 -1 2 -2 0 1
2 0 1 -1 2 -2 0 1
2 0 1 -1 -2 2 0 -1
< 0 1 -1 -2 2 0 -1
a0 2 -2 -2 0 0 0 0
< 0 2 1 1 0 0 0 -3
= 0 2 1 1 0 0 0 V3
o0 -2 0 0 0 0 0 0
a0 0 -2 2 0 0 0 0
— 0 0 1 -1 0 0 0 —\3
LE Qo 0 1 -1 0 0 0 A3
— 8 3D I Al AC
BI B(
cD ABI AB

'C2D

PHILOSOPHICAL
TRANSACTIONS
OF
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254 L. L. BOYLE AND KERIE F. (

—
NI
é — 8€y 865, 865, 86y 24e, 12¢4 12¢4
=z = ST; ST® PST QST
— PQST; PQST® P2QST PST
= O REST; R2ST® PQRST PRST
O PRIST; PR®ST®  PSRST P3QRST
=w QRST; QRST® QRST PQR2ST
— P:RST; PPRST®  P3QR:ST  P?QRST
S g P2ST; P2ST® PST® QST®
=0 P3QST; P5QST®  P*QST® P3STS
T PQRT®  PRTS,PQRT R*T,RT® R*TS,RT P2RST; PPREST®  PQRST® PRST?®
O35, PRT® QRT®P:R®T  PRT,P:QRT®  PR:T® P*QRT  PR®ST;PSREST®  PSRST®  P3QRST®
&4 PQRTY  PQRT®,PQR'T  QR*T,P'QRT®  QRTY,P'QRT PQRST; PQRST®  QRST® PQR2ST?
=Z \PRTS  PRTSPRRT  PQRET,P’RT®  PQRAT®PRT RST; RST® PQREST®  P:QRST®
T
= 1 1 1 1 1 1
1 1 1 1 -1 -1 -1
-1 —1 -1 —1 0 0 0
0 0 0 0 -1 1 1
0 0 0 0 1 -1 —1
-1 —1 -1 -1 —1 -1 —1
-1 —1 -1 —1 1 1 1
1 1 1 1 0 0 0
0 0 0 0 1 -1 -1
0 0 0 0 -1 1 1
-1 —1 1 1 0 0 0
1 1 -1 -1 0 0 0
1 1 -1 —1 0 iy2 —iy2
E : -1 -1 -
g —_ —1 1
<1 -1 —1 1 1 0 iy2 —iy2
0 0 0 0 0 0 0
2 J3 J3 J3 —J3 0 0 0
ST T s o
8 0 0 0 0 0 0 0 1
—\/3 J3 —J3 J3 0 0 0
El Oys —4/3 V3 -3 0 0 0 J
— 8 AcT cir cr DI ADI BDI
BCI AceT ABDI
LBCI BC®I c*DI ABCDI ACDI
ABC?I AC*DI
BCDI BC:DI ABC*DI
CDI

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

A

/

A

THE ROYAL

PHILOSOPHICAL
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TaNsactions | HE ROVAL

SOCIETY

OF

IE F. GREEN

192 elements

's
T
T
'T
ST
ST
ST
rs Pi=(Qt=R=8*=T*=E
T3 Pr= Q2
T3 QP = P3Q; RP = QR; RQ = PQR;
ST3 SP = P2QS; SQ = P3S; SR = R2S;
ST3 TP=PT; TQ = QT; TR =RT;
ST3 TS = ST3
a=+1;=+1
a=—-1;=+1
ra=+1;8=-1
} a=—1;=-1
74 AA=B=C3=D*=1*=E
BA = AB; CA = BC; CB = ABC;
DI DA = BD; DB = AD; DC = C2D;
IA = AL IB = BI; IC = CI;
DI ID = DI
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REPRESENTATIONS OF POINT GROUPS 255

-
>~
é . te, le; 1e, 1e, 66, 8¢, 8¢, 24e, 12¢,
= H S, 52 P
— PQS, PQS? P2QS
= O R2S, R2S3 PQRS
O PR2S, PR2S? PRS
o QRS, QRS® QRS
o P2RS, P*RS? P3QRES
<z P2S, Po§3 ps?
=6 P3QS, P3QS® P2Qs®
= PR, P3QR® R4, R PR2S, P2R2S? PQRS?
o5 P,P? QR, PR? PR, P2QR PSR2S, P3R2S? PPRS?
o Q,P2Q PQR, P2QR® QR?, P*QR P2QRS, P2QRS? QReS?
SZ 40 | E P S Pt PQPQ PR, P2R? PQR®, P3R RS, RS? P3QRES?
== 4, |1 1 11 1 1 1 1 1
1 11 1 1 1 1 —1 —1
2 2 2 2 2 —1 —1 0 0
3 3 3 3 —1 0 0 ~1 1
3 3 3 3 —1 0 0 1 —1
t 111 1 1 1 1 1
t 1 11 1 1 1 ~1 —1
2 2 2 2 2 —1 —1 0 0
3 3 3 3 1 0 0 ~1 1
3 3 3 3 —1 0 0 1 -1
4 —4 4 -4 0 —1 1 0 0
4 -4 4 -4 0 —1 1 0 0
2 —2 2 -2 0 1 —1 0 iy2
2 —2 2 -2 0 1 ~1 0 —iy2
) 2 —2 2 _2 0 1 —1 0 iy2
< 2 —2 2 -2 0 1 —1 0 —iy2
L tEs 2 2 -2 2 2 2 2 0 0
= Ep |2 2 -2 -2 2 —1 —1 0 0
S~ Ep | 2 2 -2 -2 2 —1 —1 0 0
o I 6 6 —6 —6 —2 0 0 0 0
H Cup | 4 -t -4 4 0 2 —2 0 0
— Gogg | 4 —4 —4 4 0 —1 1 0 0
Q) Gy | 4 -4 -4 4 0 —1 1 0 0
E 8 0, | E 4 AC ce,C D AD
B BC AC? ABD
AB ABC BC® ceD ABCD
ABC? AC2D
BCD BC*D
cD

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

A
/, A
4 N

J (

Py

THE ROYAL
SOCIETY

OF

TABLE 3 (cont.)

PHILOSOPHICAL
TRANSACTIONS

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

12¢4 6e, 8¢q 8¢ 2¢, 2¢, 12¢,
Qs?
P3gs
PRS?
P3QRS?
PQR2S
P2QRS3
QS PT,P3§%1
p3§ QT,P2Q8?
PRS PRS?, P2QR2S? R28?, RS§? PQT,P3QS"
P3QRS PS§?, P3s? QRS?, P3R2S? PR25?, P2QRS? PS2T,P*1
PQR*S QS2,P2QS? PQRS?, P2QR2S? QR252, PPQRS? QS*T,PQ
P2QR%S PQS?, P3QS? P2RS?, P2R2§? PQR25?, P3RS? T,8°T  PT,P3$2T PQS2T, P3(
1 1 1 1 1 1 1
-1 1 1 1 1 1 1
0 2 -1 -1 2 2 2
1 -1 0 0 3 3 -1
-1 -1 0 0 3 3 -1
1 1 1 1 -1 -1 -1
-1 1 1 1 -1 -1 -1
0 2 -1 -1 -2 -2 -2
1 -1 0 0 -3 -3 1
-1 -1 0 0 -3 -3 1
0 0 -1 1 4 —4 0
0 0 -1 1 —4 4 0
—14/2 0 1 -1 2 -2 0
1,/2 0 1 -1 2 -2 0
—14/2 0 1 -1 -2 2 0
142 0 1 -1 -2 2 0
0 -2 -2 -2 0 0 0
0 -2 1 1 0 0 0
0 -2 1 1 0 0 0
0 2 0 0 0 0 0
0 0 -2 2 0 0 0
0 0 1 -1 0 0 0
0 0 1 -1 0 0 0
BD I Al
BI
ACD ABI
ABC2D
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P 9

I \

A

-
>~
é . 8¢y 8y 81p 865 24e,
= H ST, ST
— PQST, PQS*i
= O R2ST,R2S3T
O PREST, PROS®
[y QRST, QRS
P*RST, P2RS?
3‘2 2 P2ST, PS3T
=0 | 27 P3QST, P3QS31
T s PRT, P*QR2S*T PRS2T, P*QRT R2T,RS:T R:S2T,RT PIRST, P2RES:
QEeT QRT, P3RS T QRS:T, PER2T PRT, P*QRS?T PR2S®T, P2QRT P2RAST, P2RES:
&4 QT PQRT, P2QR2S2T PQRS:T, P2QRT QRT, P*QRS*T QR2S®T, P*QRT P2QRST, P*QR
=Z =T P2RT, P*R2S*T P2RS2T, P2R2T PQR2T, P2RS2T PQRS*T, P°RT RST,RS*T
o= 1 1 1 1 1
1 1 1 1 —1
—1 —1 —1 -1 0
0 0 0 0 —1
0 0 0 0 1
-1 —1 —1 —1 —1
—1 —1 —1 —1 1
1 1 1 1 0
0 0 0 0 1
0 0 0 0 —1
-1 —1 1 1 0
1 1 —1 ~1 0
1 1 -1 —1 0
1 1 —1 —1 0
A —1 -1 1 1 0
L < -1 -1 1 1 0
o 0 0 0 0 0
= —J3 J3 J3 —J3 0
= > J3 —J3 —J3 J3 0
o5 3 3 : 3 :
25
e —J3 J3 —J3 3 0
LE @) V3 —J3 J3 —J3 0
= 8 ACI cr cr DI
BCI AceI ABDI
ABCI BC2[ c:DI
ABCI Ac2DI
BCDI
cDI

PHILOSOPHICAL
TRANSACTIONS
OF
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P 9

I \

A

—
3~
é . 24e, 126, 126, 192 elements
M T,$°T PST QS:T
o G ST, PQS3T P2QST P3§3T
ST, R2S3T PQRST P3RS3T
O ST, PRASST P3RST P3QRS3T
= ST, QRSST QR:ST PQR2SST
—o ST, P2RSST P3QR:ST  P:QR:ST
3z ST, P2S3T PS3T QST Pi=Q'=R=8=Ti=E
=9 T,P3QST P2QST P3ST Pr= Q% §2= T2
= ST, P2ReSST PQRS:T PRST QP = P3Q; RP = QR; RQ = PQR
025 ST, PSR2SST PSRSST PSQRST | SP= P2QS; SQ = P3S; SR = RS
&x ST, P*QRS3T QR2SST PQR:ST | TP=PT;TQ=QT; TR=RT
=Z ST,RS3T P3QR:ST  PQRS*T TS = $2T
T
o= 1 1 _ 1
—1 —1 —1
0 0 0
-1 1 1
1 -1 -1 o
i . i a=+1;8=+1
1 1 1
0 0 0
1 —1 —1
-1 1 1
0 0 0
0 0 0
0 iy2 —iy2 A
0 —iy2 /2 a=-1;f=+1
P 0 —iy2 iy2
; i
B |
2 0 0 0 w1 fm 1
S > 0 0 0 ’
— 0 0 0
8 23] 0 0 0
- 0 0 0 a=—1;8=—1
LE @) 0 0 0
[_(8 DI ADI BDI A=B=C=D*=I'=FE
ABDI BA = AB; CA = BC; CB = ABC
c*DI ABCDI ACDI DA = BD; DB = AD; DC = C®D;
AC2DI IA = AL IB = BI IC = CI;
BCDI BC2:DI ABC2DI ID = DI
CDI

PHILOSOPHICAL
TRANSACTIONS
OF
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— TABLE 3 (cont.)
§ > 126 12¢, 6e, 8¢ 8¢ 2€, 2¢, 1
220 B z
e
PQRS? PRS P
E 8 P3RS? P3QRS P
= o QRS PQR2S :
P3QRS3 P2QR>S PQ
=» | P 53 P
§g P2QS gsss p?
T= PQRS PRS? PRS?, PSQR>S* R2S?%, RS? ps
&0 PiBS P3QRS® PS?, P332 QRS?, PSR2S? PRS2, P*QRS? Ps,
B0 QRS PQR2S? QS2, P2Qs? PQRS?, P*QR>S? QR2S2, P’QRS? S:T  P:S:T P
OZ PQRS P2QRS? PQS?, P3QS? P2RS?, P2R2S® PQR>S?, P*RS> T 2T P3G
=<
= = 1 1 1 1 1 1 1
-1 -1 1 1 1 1 1
0 0 2 —1 ~1 2 2
1 1 —1 0 0 3 3 -
-1 -1 ~1 0 0 3 3 -
1 1 1 1 1 —1 -1 -
-1 -1 1 1 1 —1 —1 -
0 0 2 ~1 -1 -2 -2 -
1 1 —1 0 0 -3 -3
-1 -1 -1 0 0 -3 -3
0 0 0 2 -2 0 0
0 0 0 —1 1 0 0
0 0 0 —1 1 0 0
0 0 -2 -2 -2 0 0
0 0 -2 1 1 0 0
0 0 -2 1 1 0 0
Ny o 0 2 0 0 0 0
— -iy2 iy2 0 -1 1 2% -2
<. iy2 —iy2 0 -1 1 —2i 2 |
> > iy2 —iy2 0 -1 1 2i —2i
@ LmEN iy2 0 —1 1 _9 2
o 0 0 1 —1 4 —4i |
my © 0 0 1 —1 —4i 4
E O 4p BD I 1
Se y
ABCD ACD 4
BC2D ABC2D

PHILOSOPHICAL
TRANSACTIONS
OF
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P 9

e \

A

—
< S~ 12 8 8 8 8 24, 12
>-( €2 €12 €12 €12 €12 €4 €3
@ : PT ST,P:ST
& QT PQST,P*QST
mQ PQT R2ST, P*R:ST
PS2T PRST,P*R:ST
E 8 QST PRT PQR*T PR:T RT QRST, P*QRST
PQS>T QRT PR:T P3R2T P2QRT P>RST,RST
22| T PQRT QR:T P2QR:T P3QRT S3T, P2S*T PST,P2QST
U§ Por PRT R*T P3QR:T PiRT PQSST, P3QST PQRST, PRST
T= PQT P2R2S2T RS2T PRS2T PQR2S>T R2S3T, P*R2SS T QR*ST, PSQRST F
30 L P3§2T P3R2S>T P2QRS®T QRS>T PRAS:T PR2S3T, P3R2SST PS3T, P*QS3T
RS 07208°T P2QR:S2T  P3QRS:T PQRS:T QR2ST QRS3T,P*QRS*T PQRS®T, PSRS3T ‘
OZ »Qs:T P3QR2S2T PSRS>*T P2RS>T R2S2:T P2RSST,RS3T QR2S3T,P3QR2SST P
=<
Lot 1 1 1 1 1 1 1
oy=
1 1 1 1 1 —1 -1
2 -1 -1 —~1 -1 0 0
-1 0 0 0 0 -1 1
-1 0 0 0 0 1 -1
—1 -1 -1 -1 —~1 1 —1
-1 -1 -1 -1 -1 1 1
-2 1 1 1 1 0 0
1 0 0 0 0 1 -1
1 0 0 0 0 -1 1
0 0 0 0 0 0 0
0 —iy3 i3 —iy3 iy3 0 0
0 i3 —iy3 iy3 —iy3 0 0
0 0 0 0 0 0 0
0 —iy3 iJ3 i3 —iy3 0 0
" 0 iy3 —iy3 —iy3 iJ3 0 0
g 0 0 0 0 0 0 0
— 0 i —i i —i 0 J2
< 0 —i i -1 i 0 V2
> > 0 i —i i —i 0 -2
OF o —i i —i i 0 —J2
o —i i —i i 0 0
0 i —i i —i 0 0
= O
= O I ACT c cr DI ADI
=wv pr BCI Ac?I ABDI ABCDI
ABI ABCI ABC?I c2DI BC2DI
AC2DI
BCDI
CDI
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(4%
< > 12¢, 192 element:
> s s
olm
~ =
= O
= w
-1 QST,PsST Pl Q=R =8=Ti=E
v8 T PRST,P5QRST Pr= Q2= T2
T= T PQRST,P>QR*ST QP = P*Q; RP = QR; RQ = PQR
8“ . " QS3T, P3§3T SP = P2QS; SQ = P3S; SR = R2S
<0 T PRS*T, P*QRS®T TP = PT; TQ = QT; TR = RT
e Z BT PQRS®T, P2QR:SST TS = ST
-1
0
1
-1
1 a=+1;=+1
1
0
-1
1
0 |
0 o= — 1; ﬂ = 4+ 1
0 J
0
4 0 a=Fhif=—t1
<<<|\4 0
: g
> > J2
O F 42 o= — 1; ﬁ =-—1
- 0
0
= O
= O BDI A=B=C=D=I=E
=w ACDI BA = AB; CA = BC; CB = ABC
ABC*DI DA = BD; DB = AD; DC = C2D;
IA = AL IB = BL IC = CI;
ID = DI
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TABLE 3 (cont.)
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e, 1e, 30e, 20¢g 20e, 12¢;
P, pP3
Q,P2Q
PQ, P3Q
PV,P3V
PV2,P3Y2
PV3, P3Y3 PR, P3QR? R,R?
PV4, P3V4 QR,P3R? PR?,P*QR
PRV? P3RV? PQR, P2QR? PQR% PR
PR2V?, P3R2V? PQR2V, PR2V* QR?, P3QR
PQRV4,P3QRV* QV,R*V? QU4 P2QR2V? AL
PQR?V3,P3QR?V3 PQV3,P3RV* PQV3QRV QV? PRV
RV,P2RV QR?*V2,P2QV* PQRV3,P2RV? RV3,P:QR2V*
R2V4, PRV RV?,P3QRV? PRV4,P3QV3 PQRV,P2QV3
QRV3,P2QRV3 P2R, P2R? P2QV, P?R2V? R2V2,QR2V®
E P2 QR%*V,P*QR2V P2QRV,P3QV? P3R2V4, P3QR?V P2R2V, P3QRV?
1 1 1 1 1 1
3 3 -1 0 0 D
3 3 -1 0 0 o1
4 4 0 1 1 -1
5 5 1 -1 -1 0
2 -2 0 1 -1 —-@
2 -2 0 1 -1 o1
4 —4 0 -1 1 -1
6 —6 0 0 0 1
E A AC CC? F,F
B BC AcC? BF?
AB ABC ABC? CF?
AF ABC?F, AC?*F* BC? ABCF
AF? BF, C?F? BF* C?*F?, BC?F?
AF3 ABF? ABF?,BCF
AF* BC?*F? ABCF?
ACF? CF? ACF*
AC?F?
ABCF*
ABC?F?
CF
C2F*
BCF?
BC?F

(P =$(1+4/5); D71 = §(—1+45).)
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—
>~
é —~ 12¢; 12¢44 12659 120 elements
~ =
= O
= O
= w
-l ()
5 p 4
=0
=
- Ow
Q<0 ye, e QV3,P3QRV PRV, QRV*
o2 PQV,P5QR2V? RV, PQRV? PR3, PQV* Pl=Q =R =V5=E
=% QRV?2,PQR2V4 RV4, P2QV? PQREV2, P3QV Q= p?
= PRV, PR®V QR2V*, P2RV® P2V2, p2ps QP = P5Q; RP = QR
PSRV, P2QRV* P2y, P2y P2QRV?, P3QR2V RQ = PQR; VP = PV*
P3R2VS, P3QV P2R2V2, P2QR2V P3R2V, PSRV® VQ = QR2V?; VR = P*R2V*
1 1 1
-1 @ -1
o -1 @ a=+1
-1 —1 -1
0 0 0
— -1 o @1
@ —@-1 -0 R
1 1 -1 =
-1 -1 1
F2, F3 BF3 ACF, BCF* A2=B=C=F=E
ABF CF, ABCF® AC2F3, ABV* BA = AB;CA = BC
BCF?, ABC*F* CF* ABC2F* CB = ABC; FA = AF*
. ACF3, AC®F BC2F* FB = BC2F?; FC = C*F*
< F2C= BF
P
~
O
)
= O
= O
= w
5).)
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Zy(Iy) = R(I) < {B, T}

1e, 1e, 30¢, 20€, 20¢, 12¢,
=
—
olm
~ =
)= O P,P?
L O Q,P%Q
Hw PQ,P3Q
— PV,P3V
<z PV, P3ye
Yo PV P3p3 PR, P3QR® R R?
= PV P3ys QR, P*R? PR2, P2QR
o) g 5 PRV®, PSRV PQR, P2QRe PQR2, PR
8m PR2V? P3R2V? PQR?V, PR2V* QR2, P3QR
=Z PQRV4,P3QRV* QV,R2V3 QV*, P2QR2V? v, Vs
TS PQR2V3,P3QR2V3 PQV3,P3RV* PQV2, QRV QV?,P2RV* PQ
e RV,P2RV QR2V2, PrQV4 PQRV3,P*RV? RV3,P2QR2V4 QR
R2V4 P2R2V RV?2,P3QRV3 PRV4,P3QV PQRV, P*QV3 P
QRV3,P:QRV3 P2R, P2R? P2QV, PR2VS R2V2, QR2VS PSR
E pe QR2V,P2QR2V P2QRV,P3QV? P3R2V3 P3QR2V P2R2V, P3QRV™ P53
11 1 1 1 1
3 3 -1 0 0 @
3 3 -1 0 0 o1
4 4 0 1 1 -1
5 5 1 -1 -1 0
11 1 1 1 1
3 3 -1 0 0 @
3 3 -1 0 0 o1
4 4 0 1 1 -1
5 5 1 -1 -1 0
2 -2 0 1 -1 -
2 -2 0 1 -1 -
2 -2 0 1 -1 o1
2 -2 0 1 -1 o1
4 —4 0 -1 1 -1
4 —4 0 -1 1 -1
6 —6 0 0 0 1
6 —6 0 0 0 1
E 4 AC c,c: F,Ft
B BG Ac? BF?
<2 AB ABC ABC? CF3 BCI
U8 AF ABC*F, AC2F* BC? ABCF AC
T= AF? BF,C2F3 BF* C2F*, BC2F3
3 U AF3 ABF? ABF?, BCF
A g © AF* BC2F? ABCF?
oz ACF? CF® ACF?
=3 AC?F?
o= ABCF*
ABC2F?
CF
CeF*
BCF3

BC°F (D = }(1+48); D1 = H(—1+4/5).)
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BC2FI

12¢5 12644 12¢44 1g, 1e, 30e, 206y,
PT
P3T
QT
PQT
PQT
PQT
PVT
A PVT
< PV2T
) P3I2T
2’ PV3T PRT
S P33T QRT
o PVAT PQRT
=z = P3VAT PQRVT
- PRV:T QVT
= PSRV2T PQV3T
O PRV2T QRV2T
~ PSR2V2T RV2T
o PQRVAT PRT
<z P3QRV'T  P*QRVT
Y0 PQREVST P3QR:T
= PSQREVAT P3SR2T
o5 RVT P2QRT 4
D5 P:RVT PRVAT Pps
Oz Ve, vs QVs,P3QRV PRV, QRV* R2VAT RVST P
T QV,PQRV® R2V,PQRV? PR2V3, PQV* PR2VAT PSRVAT P
&= )RV PQR:V* RV, P2QV? PQR2V2, P3QV QRVST PQVAT  P¥%(
PRV3, PRV QR2V*, PRV’ P22, P23 P2QRVST  PSQRV3T P
BRV, P2QRV* P2V, P2V P2QRV?2,P3QR2V* QRVT PR:T
23R8, P3Q V4 P2R2V2, P2QR?V P3R2V, PSRV® T PT P2QR2VT P3QV:T ¢
1 1 1 1 1 1 1
-1 @ -1 3 3 -1 0
@ -1 o 3 3 -1 0
-1 -1 -1 4 4 0 1
0 0 0 5 5 1 -1
1 1 1 -1 -1 -1 -1
-1 @ -1 -3 -3 1 0
@ -1 @ -3 -3 1 0
-1 -1 -1 -4 —4 0 -1
0 0 0 -5 -5 -1 1
— 1 @ -1 2i -2 0 i
— -1 @ -1 —9 2i 0 —i
2 @ — ) 2% —9 0 i
= > @ — 1 - —9i 2i 0 —i
oF - 1 1 1 4i —4i 0 —i
o -1 1 1 4 0 i
i —1 —1 —6i 0 0
= O 1 -1 -1 6i 0 0
E 8 F2, F3 BF* ACF, BCF* Al ACI
ABF C?F, ABCF? AC2F3, ABF* BI BCI
<% | (CF*, ABCF CF* ABC2F? ABI ABCI
UG | ACF?, AC?F BC2F* AFI ABC2FI
S5= AF2[ BFI
8 UL AF3[ ABF3[
ag© AF BC?F?]
oz ACF?I CF?I
=5 AC?F2[ AC?FT
o ABCF*[ C2F3[
ABC2F3]
CFI
C2FY
BCF3[
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206, 12¢4, 12€,, 12¢,, 12¢,, 240 elements
4
1
|
é PQR*T
S PR*T
el QR*T
Ml P3R2VAT
— P2R2V3T
= O PRVAT
o) QVsT
= PQRV3T
— RT VT PAT T P2V3T
<z ° PQV2T veT PVT VT Py2T
Yo P3RT QVeT RVAT PQVT PQR2VET
= P2QRT P2RVAT P2QV:T  P3QRV'T P3QVT
0gs P3QRT RV3T QRVAT QRV2T P3QRVAT
8ol P3QRVT  P2QR®V‘T P2RVST PQRVAT  P2QRV:T Pi=Q*=R=V5=T*=E
=.§: PQVT PQRVT QVsT PRV®T P3RVT Pr=Q2=T?
T P3QV3T P2QVET P3QRVT PRVT P3RV3T QP = P3Q; RP = QR
&= " pQRVET R2V2T P2QRVET P3RVT QRV:T RQ = PQR; VP = PV*
T  PRV2T QRVET PR2VET P2QRVAT PRVT VQ = QR*V?; VR = P2R?V*
RT PRVT PQRV:T P3R2V3T PQVAT TP=PT; TQ = QT
i QRVT P3QRV:T RVT P3QVAT PR2VST TR=RT; TV=VT
1 1 1 1 1
0 @ o1 @ o1
0 -1 o -1 o
1 -1 -1 -1 -1
-1 0 0 0 0
—1 —1 —1 —1 —1 a=+1
0 -® -1 -® -1
0 — @1 - -1 -
-1 1 1 1 1
} 1 0 0 0 0
<@ —i —i® i —ip-t io-1
T i i® —i® ip-1 —igp-1
< —i ip-1 —igp-1 i —i®
g i —igp-1 ip-1 —i® i S
oF % i -i ; i -
m —1 1 1 —1 —1
= 0 i i —i —i
= 0 —i —i i i
E 8 ABC2I FI CFI FI ABC?F?[ A=R=C=F=I)<E
AC?I F4I BC2F*[ P BCFI BA = AB; CA = BC
3z BCI BFI BF3[ ABFI ACFI CB = ABC; FA = AF*
Yo ACFI CF3I ABCF?[ BCF?I ABFY FB = BC?*F?; FC = C°F*
s5i= BF4[ ABCFI C*FI ABC?FI AC?F3I FC = BF
g Ou ABCF® C2F2I ACF?[ IA= AL, IB= B.
ag© c BC2*F3 AC?FI IC=CLIF=F:
oz ABF2[
s a1
[~y BCFI
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TABLE 3 (cont.)
R.(K) E R 0 C® S, oy o elements
i=j
D, 2j+1 9j+1 1+ 2coslp 2%j+1 (= 1)
lli; oa=+1
Dy 2j+1 2j+1 1+ 3 208l —9j—1 (—1)i
l=j+1
Dyiyyo 2j+2 —2—2 ) 2cos (I+%) ¢ 2j+2 0
= a=-1
l=j+1 .
Dyrpu | 2+2  —2%-2 I 2eos(i4h)¢ -2 0
K, E 0 C? Sy oy
Ro(Ky) E R 0 C?¢ S, 0 C2S, o elements
1=j 1=4
Dj, 2 +1 2j+1 1+ 3 2cosld 2j+1 1+ 3 2coslp
- - a=+1
Dy, 2j+1 2+1 14+ 3 2coslg —2j—1 1—3 2coslp
l==1 l=1
. . l=j-1 L i+1 .
D(“j’+£_)“ 2j+2 —2j—-2 = 2cos (I+3) ¢ 2i(j+1) lr-z() 2icos (I+3) ¢
Disipa l1=j+1 _ itl a=-1
Dii e 2%+2 —2—2 l§> 2cos I+ ¢ —2i(j+1) —123021005(14-%)925
K, E oC® Sy 0oC% S,
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6. ASCENT AND DESCENT IN SYMMETRY

If the point group G, is a subgroup of a point group G, the vector representations of G, can
always be related to those of G; by a process of ascent and descent in symmetry (also known as
induction and subduction) due to Frobenius (1898). Relations between the projective represen-
tations of G; and G, are in general, however, severely restricted, not only by differences in the
multiplicators but also by the choice of representation group. Indeed for specific physical
problems it may be advantageous to choose a particular representation group, and hence a
particular set of projective representations, to facilitate the process of descent in symmetry.

To quote specific examples, the representation groups of 0;, and Dy, are respectively of orders
192 and 128 and hence the projective representations of O, cannot be subduced onto those of
Dy, even though Dy, is a maximal subgroup of O,. This is clearly because the multiplicator of
Dy, is of greater order than that of O,

Further of the two representation groups of D,, only %,(D,) is a subgroup of Z(T) and hence
there is clearly some advantage to be gained in dealing with the projective representations of
D, derived from %,(D,) rather than those derived from %,(D,) when descent from the tetrahedral
group is of interest.

Descents in symmetry are sometimes possible when the order of the multiplicator decreases
from G, to G,. For example, the multiplicator of O, is of order 4 while those of O, T}, T}, and D,,
are of order 2. However, only from %,(0,) and Z,(0,,) is a descent possible to a representation
group of each of the four groups.

The only descents to maximal subgroups presented are those to maximal subgroups which
are themselves representation groups of a point group. This includes cases where the multi-
plicator is necessarily trivial so that formally the point group is its own representation group.
The correlations obey all of Frobenius’s rules (1898): only descents have therefore been pre-
sented in the interests of economy of space. The consideration of different representation groups
for a group G leads to more complete and detailed results than those obtainable by Harter

(1969).

TABLE 4. CORRELATION OF THE IRREDUGIBLE REPRESENTATIONS OF THE CZnh GROUPS WITH THOSE
OF THEIR MAXIMAL SUBGROUPS

PRr(Cann) Can R1(Can-2n) Can—z Cen-v R1(Can)
4, |4 4, | 4 A 4,
4, |4 4, | 4 & A,
B, |B B, | B 4 B,
B, |B B, | B 4 B,
E, |E e |z {lodd: El 4.3 2B,
By, E, ly t leven: Ej, 24,
Eypny | Eyng E E {lodd: E v 2B,

we | A+ B e : leven: Ey, 24,
G | Bt Epny E,, | A+B A+ 47 Ey,
Gla El+E2n—l--1 E;'}‘E; 2E1a
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TABLE 4 (cont.)
R (Cyun) Cyn R (Clan-21) Can-z Cen-vn R5(Can)
4, 4 4, | 4 4 A4,
4, A 4, | 4 4 4,
B, 4 B, |4 A4 B,
B, 4 B, | 4 4 B,
L#n; By Egpi2n-a) , lodd: 2B,
l # n; Elu Ezn-—]zn-—zll Ew E2"~1_l2n—2l_1| E"_}—I"—%_” {ICVCH: 2A,
y E 2 ’ lodd: 2B,
(/(J// | E:Z 2B Elu E‘zn—l—]%—-zl——l] En—%—-ln—i—l] {leven: 2A1;
~y G, 2F, 4 E, | 2B 24" E
— * G | 2B, 2E" oF
< o 1 4 o
>
S F TABLE 5. CORRELATION OF THE IRREDUCIBLE REPRESENTATIONS OF THE REPRESENTATION GROUPS
o OF THE DIHEDRAL GROUPS [),, WITH THOSE OF THEIR MAXIMAL SUBGROUPS
e
O nodd (# 1) n even
E ® P,(D,) Can :(D,) 2,(D,,)
%0}
4, 4 4, 4,
5“2 A, A 4, A,
= B, 4 B, 4,
E = B, 4 B, A4,
Ou lodd: B,+ B
gﬁ 0 l# 3n; E, Ey p-o1) {l even: 21_*_/122 Eyppa-u
§<Z: Ey, or Egupye | 2B E,, B,+ B,
-4
B = L # §n+ 35 By, E1¢-]n—(2l—1)] E, E{”+§—I7z+é—l|)a
n odd n even nodd (# 1)
Ro(Dsn) Con D, P2(D,) P3(Dy)
4, A4 4, 4, 4,
4, A 4, 4, 4,
B, A4 4, 4, B,
B, 4 4, 4, B,
lodd: B,+ B
1 # §n; E, E, ina Ey 3 n-2imod n| Eyn_3n-y {leven: Al,+Ae2
n even; Ey, 2B B+ B,
l # %n‘*‘ %‘; Ela; En—[n—\zl—l)l E&n—[%n—(zl—l)mod nl E{n+§-|n+1}—l|}a Ela
| nodd; Eqpipg Eyjn—tai-) A4,+ 4, Ey,
//;ﬁ\ 1
Ty P D e
— D 3(Dan-2) Cin—z 2n—1 2(Ds)
< — A, y A, 4,
> - 4, A 4, B,
@) o B, B 4, A,
o Bl 8 4 zB dd: 4,+ B
; odd: 4+ B,
E 8 2 E En-peini-yy {l even: 4, + B,
E, A+ B A,+ 4, E,,
Fw Gy Ey+Eyp 1 2E, 3 _|n-3—a| 2E,,
-
5% gs(Dm) C4n gl(Dzn) @2(D2n)
IE 4, | 4 4 o
o) &t) 5 4, 4 4, 4,
DA B, A 4, 4,
Oz B, | 4 4, 4,
E§ l#£n; B, Eynan—a E,jny E, ny
Sl n 2B 1+ B, 1+ 52
Gla 2E‘zn—| 2n—21+1] 2Ela 2Ela
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TABLE 6. CORRELATION OF THE IRREDUCIBLE REPRESENTATIONS OF THE REPRESENTATION GROUPS
OF THE D2nh GROUPS WITH THOSE OF THEIR MAXIMAL SUBGROUPS

(The D,,; groups have no representation groups as maximal subgroups.)

R1(Dani2n) R (Day) R>(Dapsain) R(Dyy)
Alg Alﬂ Aly Alg
1u Alu Alu ~A1u
20 Azu jeg 20
! 2u 2u 2u 2u
(,i \\j glg glg Blg Bly
;-4 3 1u 1u Blu Blu
< gzq gzy gw 220
2u 2u 2u 2u
>*E E {lodd: By, + By, E {lodd: Byu+ By,
@) ) o leven: A,,+ Ay, ‘9 leven: A+ 4,,
[~ . {lodd: By + By, " {lodd: By, + By
25 ke leven: A+ A4,, e leven: Ay, + Ay,
: o lodd: E, E, E
E { * Mo 1o 1a
— 9) ta leven: E,, E,, »
o El,B El,B Gloz Eloc + Ezu
5 Z Ezﬁ 2/ Elﬁ El/i‘
_O Glﬂ {lodd: 2E2ﬁ Ezﬁ Ezﬁ
- leven: 2E,, Gy Eig+ Eyp
o -
Ou E, E, E, E,
2= E,, B, E, E,,
9 Z Gy Byt By Gy Byt By,
E é Glaﬁ 108 Glocﬁ Glaﬂ
B = ay Gocy an an
V8 vh “y8 ‘v
leﬁ GY/? thﬁ 2E7ﬁ
Elaﬁy Elocp’y Ez P {l Odd: Ela/i‘y
208y EZa/i‘y apy l even: E2oc/i'y
Glaﬁy Elaﬁy + EMM

TABLE 7. CORRELATION OF THE IRREDUCIBLE REPRESENTATIONS OF THE REPRESENTATION GROUPS
OF THE TETRAHEDRAL GROUPS WITH THEIR MAXIMAL SUBGROUPS

(The two representation groups of the regular tetrahedral group (T;) are isomorphic with those of the octahedral
rotation group (0), q.v. The tables for Z,(0) and %,(0) should therefore be used, with the corresponding changes
in the subgroups, viz. Z(D,) — #(D,,) and Dy - Cy,.)

4
o
< AT | Ay Gy
é 4 | 4 4
= > E | 24, E
oH T | A,+B,+B, A+E
= E, | E, E
— Gy | 2E, 24+E
= O
EO A(T,) | R(T) S6 R (T)) | R(T) S6
wn
. 4, 4 4, 4, | 4 4,
<7 4, | 4 4, 4, | 4 4,
Yo E, E E, E, | E E,
E = E, E E, E, E E,
025 T, T A,+E, T, T A4,+ E,
2 T, T A+ E, T, | T A, +E,
Oz B, | E E, G, | 2B 2F,
TS Ey, | Ej E, G, | G 24,+E,
o Gy, | Gy 24,+E, G! | G 24,+E,
Gy Gy 24,+E,
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g4ty mg | 9%y P8y + o ) in | %9  Ty4ig+lg ) in | ™%y
ey + 7% "y | 9% ey 4+l ) iy | ™y Ig4tp4ly ) iy | #7p
B} . 8m.m+§m smm %EU 8n.m.+§m i@m ,»m.U .QEU ﬁm awm ,mm ghw.
0+ @w MMMQ Uoy + 7%y +Mm A4 , M\N 3m+3m+mm "L L+ , Mc Mm ng Mm QM .
0 n Q n, n, n n, z
0 ) :meN %ﬁw umw :W QN.W sn,,w :.W W QNW N.W @N mw sy wq.ﬂ
AL LB 9 e "yz wm o ve Y+ wm 9+¥y "L L+ I
T+ Kt ) g ‘gz | ""n 7z Wy 9| ™o ) "I 3 )
% A £ Iq 7z gz | %o e ‘iyg 9| ‘%9 *q vz W +W I
D+ ing ' Y+ ‘B | "o T+ +'g ) Bl "o "o+"gz  “iog g | 7y
o "gg ) TG 4G "9 | %9 T+ +y %29 () %9 Flg  gg  ig+ig i)
"L °L " T+g °L "L 'T+'g °L °r "y g+'g "L °r "
°L °L Zr 4+ °L 2y B+ ‘L °r 2r F+y °L L Zr
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TABLE 9. CORRELATION OF THE IRREDUCIBLE REPRESENTATIONS OF THE REPRESENTATION GROUPS
OF THE ICOSAHEDRAL GROUPS WITH THOSE OF THEIR MAXIMAL SUBGROUPS

%I | R(T) D; D,

4 | 4 4, 4,

T, | T A, +E, A, +E

T, T A, + E, A+ E

G | A+T E,+E, A+ A, +E

H E+T A+ E+E, A+ 2E

L, Ey E, E

E; | E E, E

G% Gg. E1+E2 A1+A2+E

I | E+G A+ Ay + E, + E, A+ A, 4 2E

%) | RU) P:(T)) Ro(L) | A) Po(Th)

4, | 4 4, 4, | 4 4,
4, | 4 A, A, 4 A,
le Tl Ty Tlg Tl Tg
Tlu Tl Tu Tlu Tl Tu
Ty, T, T, Ty, T, T,
T2u T2 Th Tzu Tz Tu
G, | ¢ 4,4+ T, G, | ¢ 4,4+ T,
G, G A,+ T, G, G A,+ T,
H | H E,+T, H | H E,+ T,
H, | H E+T, H, | H E+T,
Ey, Ey “4g G 2Ly G,
Eyn | B Ey, Gy | 2E; G,

39 Ly E:,}”, K, 2Gy Gt; + G; .
E,‘;u E% b%u Oac 213. Ga+ Gaz"'Goc
Gy | Gy Gy,

w | G u

&g I Ey,+ Gy,
Iy, Iy Eyut Gy

TABLE 10. CORRELATION OF THE IRREDUCIBLE REPRESENTATIONS OF THE REPRESENTATION GROUPS
OF THE SPHERICAL ROTATION-REFLECTION GROUP Kh WITH THOSE OF ITS MAXIMAL SUBGROUPS

K(Kn) | (L) Ro(Kr) | Ry
Dy, 4, Dy, 4,
Doy | Ay Do | 4y
D, Ty, Dy, Ty
Dlu Tlu Dlu Tlu
ng H” D2!7 Hg
Dzu H” D2u Hu
D3{7 Tza + Go Dag Tza 4 G’g
Dau T2" + G“ Dau T2u + Gu
Dy, | Ey, Dy, | G,
Dy, Ey, Dy, K,
Dy, 30 Ds, 0,
Dﬁu Bu ia G2a + Ooc
Dy, I, e | e
Dy, Iy,
Dy, Eyy+ Iy,
Dy, E%u + I3y
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7. THE SYMMETRIZED POWERS OF PROJECTIVE REPRESENTATIONS

The direct product of projective representations has been considered by Rudra (1964) and
corrected by Harter (1969). However, the resulting formulae are unwieldy because by not
involving the actual representation groups they require a knowledge of the large numbers of
factor systems of the projective representations and the formation of lengthy products of these.

The use of the standard formulae for vector representations in the representation group,
however, enables the calculation to be performed for projective representations without ref-
erence to factor systems. Further, there are no complications or need for special theories in the
calculation of the symmetrized powers of projective representations, which do not appear to
have been considered hitherto. The cases of particular physical interest are those of the sym-
metrized squares and cubes which are used in calculating the expectation values of real and
imaginary operators as well as in applying the Landau-Lifschitz theory of phase transitions. The
results may be found on pages 134148 of a thesis by one of us (Green 1976). The symmetrized
powers of the vector representations of the representation groups are the same as those for the
point groups and hence may be found in the papers of Jahn & Teller (1937) and Boyle (1972).

The fact that the powers of any representation of a group must be symmetrizable provides
convincing proof of errors in the underived tables of projective representations published by
Janssen (1973). By deducing the representation group from the projective representations
published one can, by comparison with our tables, deduce the characters for those elements of
the representation group which do not map onto G and hence perform a rigorous symmetriza-
tion — usually the symmetrization of the square is sufficient to reveal any discrepancy. In this
way the characters of magnitude 2i in the projective representations I'y; and Iy, of D,, were
found to be actually 2 while the 2 in I'j; should be 2i. Déring’s (1956) and Hurley’s (1966)
projective representations for D,, were similarly wrong since their projective representations
only contain real characters.

The symmetrized powers of projective representations differ considerably according to the
representation group chosen. However, in physical problems such as those to be discussed in the
next two sections, there will always be one choice for which the set of projective characters is
physically relevant without modification even though there may be phase factors in the gauge
transformation. Hence by identifying this choice the above tables can be used to solve any given
physical problem requiring symmetrized squares or cubes.

8. APPLICATIONS
8.1 Dertvation of the double-valued representations of the point groups

Projective representations may be used to find the double-valued representations of a group,
irrespective of whether the multiplicator is of order 2 or not. It should be emphasized that
whereas the representation group is the extension of M by G, the double group, G’, is the exten-
sion of C; by G where C7 is the group consisting of the identity and the element, R, which
reverses the sign of the spin functions for systems with an odd number of electrons. The iso-
morphism of an #Z(G) with G’ is therefore inherent when M is of order 2 and G is a non-Abelian
point group. A certain class of representations of Z(G), which corresponds to a class of projective
representations of G, can always be modified so that they provide the double-valued represen-
tations of G and, further, these unique double-valued representations can be obtained from

18-2
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266 L.L.BOYLE AND KERIE F. GREEN

any of the different sets of projective representations corresponding to representation groups.
The relation of double-valued representations to projective representations was first discussed
by Weyl (1931) and subsequently developed by Hurley (1966).

The double-valued representations of a group G’ are defined such that

3(Rg;) = —8(g),

where R commutes with all elements g; of G’. This law is also obeyed for that class « of repre-
sentations of Z(G) for which the representative matrices

A(my 1;) = —A(ry)

where m, is an element of the multiplicator, since by projection into G, both m(m,r,) = g, and
m(r;) = g and, in general, A(r;) = ¢d(g;), where ¢ is a phase factor to be determined. The
double-valued representations are thus identified by the class o of representations of Z(G) and
their character systems can be determined once the phase factor (known as a gauge transforma-
tion in this context) has been found by comparing the relationships between the generating
matrices {P, Q} which hold for the group #Z(G) with those between the generating matrices
{A, B} which hold for the double-valued representations of the group G’. This will now be
illustrated in the case of the dihedral group G = D;:

D, %1(Dy) R5(Ds) Py (Dy)
At=—E Pt = aE Pt =aE Pt = aE
B2=—E Q=caE Q2=E Q=E
BA=—AB QP = aP?Q QP = aP?Q QP = PQ
required gauge { P—>A P>A P> +iA,

transformations Q-8B Q- tiB Q- +iB
required cla§s of a=—1 w=—1 a=—1
representations

The character systems are now derived by effecting the gauge transformations on the elements of
a representation group and then dividing the relevant projective characters through by any
resulting phase factors to obtain the characters of the double-valued representations of Dj.
As an example we choose #3(D,). The required projective characters are those of the separably-
degenerate G,, representation:

Ry(Dy) E pa {r} {P%} {P%} {Q} {PQ}
e [C | 2 -2 iy2 —iy2 0 0 0
la {G;a 2 -2 —iy2 iy2 0 0 0
phase factor x D, E A i A} i{45) —{4%  i{B}  —{AB}
E, 2 -2 J2 —J2 0 0 0
Ey 2 -2 -2 V2 0 0 0

This process has, therefore, resolved the complex—conjugate pair of representations {Gf,, Gy, }
into the real double-valued representations {£}, £} of D,. The same representations are obtained
as a set, whatever combinations of + signsin the phase factors are used. Further, the same set
of representations is similarly obtained from %,(D,) and Z,(D,).

The case of the regular octahedral double group, O;, = G, is interesting since it provides the
simplest example among the point groups where the double-valued representations are derived
from one of several classes of projective representations. The generating relationships for the
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matrices corresponding to the elements of the different representation groups are simplified by
writing them in terms of the matrices of those elements which can be mapped onto matrices of
corresponding elements of Oy:

0, %1(0,) Z:(04) Z3(0n) Z4(0y)
P2:= Q2 =«aE P2=Q2=caE PP=QR=aE P2P=Q?=T2=caE
A=B2=D2=—E S2:=pE RA=82=E R*=E R3=E
C=P=E RR=T2=E T2 = BE $2=T2=pE $2=pE
BA = —AB QP = aPQ QP = aPQ QP = aPQ QP = aPQ
CA=BC RP = QR RP = QR RP = QR RP = QR
CB = ABC RQ = PQR RQ = PQR RQ = PQR RQ = PQR
DA =—-BD SP = aQS SP=aQs SP=aQs SP=aQs
DB = —AD SQ = aPS SQ = aPS SQ = aPS SQ=aPS
DC = c2D SR = RS SR = RS SR = RS SR=R2S
A=Al TP = PT TP =PT TP = PT TP = PT
IB = Bl TQ = QT TQ = QT TQ = QT TQ = QT
IC=Cl TR = RT TR = RT TR = RT TR = RT
ID = DI TS = afiST TS = ST TS = AST TS = ST
P>A P> A P—>A P—>A
{Q ->B C—>B Q—>B Q-8B
required gauge transformations{ R > C R—-C R-C R« C
S ->D S +iD S —>+iD S—>+iD
T >1 T->1 T—>1 T il
required class of representations { z f :i ; - Ii ; i :_ i ; - i

The calculation of the double-valued representations then proceeds as in the preceding
example of D; and identical sets of double-valued representations of O}, are obtained from all
four representation groups.

8.2 Derivation of the single-valued, double-valued and protective representations of the space groups

Koster (1957%) reduced the problem of determining space group representations to that of
determining the representations of P(k), the space group of the k-vector in reciprocal space.
These are found from the representations of the quotient of P(k) with the translation group.
This is the point group G,(k). In general, however, the multiplication rules required for the
representations of G,(k) will contain factor systems. Hurley (1966) noticed that Koster’s results
led to the conclusion that the vector representations of G (k) were sufficient when dealing with
points in the interior of the first Brillouin zone for non-symmorphic space groups and for all
points in symmorphic space groups. Projective representations are, however, required for points
on the surface or the outside of non-symmorphic space groups. Hurley (1966) showed how the
space group representations could be derived from his tables of projective representations and
we shall show that the space group representations are uniquely determined, irrespective of
which set of projective representations, and hence which representation group, is chosen.
However, where erroneous tables have been published these do indeed lead to incorrect space
group representations. We shall also show that double-valued space group representations are
easily obtainable from our tables of representation groups.

Our first example concerns the point R on the surface of the Brillouin zone of the space
group 0% (= Pn3n). For this point, Gy(k) is 0, and a suitable set of generators for this group can
be derived from those given by Bradley & Cracknell (1972). These are, in Seitz notation,

A = {Cy;|000}, B = {Cy,[000}, C = {C51]000}, D = {Cy[000}; [ = {Sp|33}}
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and direct application of Bradley & Cracknell’s tables yields the relationship between these
generators of P(k). Asin §8.1 these are compared with the generating relations for the matrices
of the representation group to determine the relevant class of projective representations and
also the phase factors by which their characters are to be modified:

P(k) #,(04) R:(04) R5(0s) R4(04)
A2=B2=E P2 = Q2=aE P2=Q2=aFE P2=Q*=caE P2=Q2=T2=0aE
CG=E St =pE RE=S2=E R =E R:=E
D2=[=E RR=T2=E T2 = BE $?=T2=gE $? = fE
BA = AB QP =aPQ QP = aPQ QP = aPQ QP =aPQ
CA=BC RP = QR RP = QR RP = QR RP = QR
CB = ABC RQ =PQR RQ = PQR RQ =PQR RQ = PQR
DA = BD SP = aQSs SP = aQS SP = aQS SP = aQSs
DB = AD SQ =aPS SQ=aPs SQ =aPS SQ = aPS
DC=C2D SR = R2S SR = RS SR = RS SR=R2S
1A = Al TP = PT TP = PT TP = PT TP =PT
IB = Bl TQ = QT TQ=QT TQ=QT TQ=QT
IC=Cl TR = RT TR = RT TR =RT TR = RT
ID = —DI TS = afiST TS = ST TS = ST TS = pST

P —>A P-—>A P—A P->A
required gauge QB QB Q-8B QB
transformation R ~>C R-C R->C R->C
S - +iD S—>D S—>+iD S +iD
T >1 T +il T +il T +il
required class of {a=+1 a=-+1 a=4+1 a=+1
representations p=-1 f=-1 f=-1 f=—1

Inspection of the appropriate classes of representations and division of the characters by the
phase factors resulting from the gauge transformations confirms that the space group represen-
tations are unique.

A further example will usefully consider the point L in O}(= Fd3¢). The group Gy(k) is Dy,
and generating matrices for this are suitably chosen as A = {S5;|223} and B = {C,,|111}. The
relations between these generators and those of the representation groups of Dy, are compared
below:

P(k) P1(Dsa) Ko(Dsa) Ry(Dya)
AS=E Ps = aE Pt = aE Ps=E
B2=E Q2 =akE Q=E Q=akE
BA = —A°B QP = aP’Q QP = aP5Q QP = aP5Q
required gauge { P - +iA P +iA P>A
transformations Q> tiB Q-8B Q—~>+iB
required class of _
. a=-—1 a=-1 a=-—1
representations

In all three cases, and for all choices of + signs in the phase factors, the same space group
representations result.

The final example concerns the double-valued representations of the point R of 0% discussed
in the first example. The relations between the generating matrices for P(k) differ from those
for the single-valued representations only in the signs of A%, B2, BA, DA and DB. The appro-
priate gauge transformations and choices of representations are therefore

#,0,): P>A Q=B R->C S=>D, Tl a=-1 f=-1
#,0,): P—>A Q=B R>C S=D, Ts+il; a=-1, f=—1
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Ry0,): P> A Q—->B, R->C, S— +iD, T-1I; a=+1 pf=-1
R,y(0,): P> A Q->B, R—>C, S— +iD, T— +il; a=-1, = —1

The double-valued space group representations so produced are again unique, irrespective of
the choice of representation group.

The projective representations of the space groups, recently discussed by Bradley & Back-
house (1970, 1972) and Backhouse (1970, 1971) could also be straightforwardly derived from
our representation group tables. The advantage of these is that they allow one to construct the
equivalent, but different, sets of projective representations and hence give greater flexibility
for ascending and descending in symmetry.

We are grateful to the United Kingdom Science Research Council for the award of a
Research Studentship (to K.F.G.).
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2 a 2 a 2 = | 1 [1] i i & e | - -9 -3 - 3 I 1 I 1 L] 1] i
] 3 9 T =1 (1] i = 1 ] - I il 1] =3 — 3 ] i ik il i 1 || -]
R a a b | -1 i i 1 -1 -1 -1 1 1] -3 =% 1 ] i} i} i — 1 | 1 I
4 =4 4 - il @ - [}] i iy 0 L4 o i il i i i il i ik i i I
i —d i —4 i ) 1 0 i i i — 1 i i il ~ie P2 ~iy2 13 i 7 0 || g1y fmdl
d =4 4 =i i = 1 0 N i o ~1 1 0 0 N i3 -3 iJ3 — i3 0 0 0 .
@ ¢ % _32 a iy a 0 0 i @ o = i i il i 0 i il 0 i i
a2 T =5 @ a -1 = | [1] ] i — & I 1 ik (1] il —1a/3 T | Lo/ e L i¥ 1 I l T o
' s a2 o3 3 & 1 i 0 @ N 2 i i i i i i —iga —ia i 0 0 i | s=tlif=-1
i B =8 =i - [1] i i¥ i i kS 1] 1] i il i i i¥ il i 1] 1] L
s @ a3 0 1 i i St 2 i -1 1 2 o N I 1 '] -1 b J2 -J2
g -2 -3 % i 1 1 i e J3 i -1 1 —3 2 i ~1 1 1 1 i 2 -8
a . .3 8 it 1 i i 2 2 0 1 i 3 .2 i 1 1 1 -1 0 —2 JI s s
e —x _4 - i 1 — 1 1] .\'E - 1"'.' 1 1 1 =3 2 i | = | 1 I i a L
¥ T BT i (1] -1 ] 1] 1] i ik 1 -1 +4 - i - 1 -1 1 1 1] X i
f —4 —d 4 1] =] I il 1] i ik 1 = ] -} o i 1 1 = - | ] ] ]
I A A LR i Al FITE i AF AT Cnr ) I And i === F=r=E
8 B ACE AR Br B ACAr ARy A AT 4 m AR CA B, Ol = ARE
18 A . i AR A ARI ARCH Hear {E0r i{acla T ABCERT DA = B0: DR = Al I = £80;
ARCE A= AmCEr ACERF fd = Al I8 = 8 = L1
BT He ARCEN BCI £y = 1
Ry I
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254 L. L. BOYLE AND KERIE F. GREEN
TABLE 3 (cont.)
ley lgy 1y 16 B, Bay Be, 240, 125, 12, ey By By 2 24y 124, Beyy Beyy By Beyy 24ey 135y 1264 192 elements
55T Ps faly 5T; §T? PST OsT
PQS; FQST FiQs P35 PQST; PQST? PWQST PsT
H5; RISTe PQRS PRS RST; RAST™ POQRST PRST
PRES; PREST® P'RS PORS PRIST; PREST®  PRRST PQRST
ORS; QRET QRS PORIS QRST: QRSTD QRST PORST
PRRS; PARST QRS PQRS PARST: PIRST®  PQRSST  PIQRST
Pas; PASTE PET™ Q5T* PT,P*T* PST, PST PST? Q5T Pa@esPeids T'=F
FIQ8; PAQST™ Qs g QT, PgT MQST, PIQST®  PIQSTe g Pt =
PR, PQR: R, R PRES; PPREST®  POQRST® PRST® PRT:.PQRIT? RT3, RT? PQT, PQT PRT,PQRET®  PRT.PQRT RT,RT* RETLRT PUSET; PURBST®  PQRST® PRET™ OF = P3Q; RP = OR; RQ = POR;
P, Ps QR P PRLPIOR  PUROS PURSSTT PRRSTE PHQRS T PTe paTe QRTY, PIETT  PRATS PIQRTY PT?, PT QRT,PARAT? QRTLFPRIT  PRAT,PIQRT®  PRUT,PUQRT  PURST: PARESTY  PORSTD PRQRST? 5P = PQS; 5Q = PI5; SR = R°5;
QP PQRPQRT  QRLPPQR  PUQRS; PQRST®  QRSST® PRRIST® QT3 PQT* PQRTY,PQRT® QRT:,PQRT: QTLPQT  PQRT,PWQRT  PQRTY,PQRT  QRET,PQRT® QRETSPQRT PAQRST; PAQRST®  QRISTS PORIST? TP=PT; TQ= QT; TR = RT;
E Pr TP PR PQPW) PR PIRE POR PR RS; RST* PORST:  PQTRPQT*  PRTLPHRRT: POQRATLPPRT: T, 73 POT?, PQT PART.PIRT® PRTALPURET  PQRET,FPRT®  POR'TS PIRT RET: RST? PIORSTY  PIORSTY TS =572
S N T 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 )
1 1 1 1 1 1 1 =1 =1 | 1 1 1 1 1 1 1 =] =1 =1
2 2 2 2 2 =1 =1 0 2 =1 =1 2 2 =1 =1 =1 =1 0 0
& a ] 3 -1 i L1 =1 -1 ] L] 3 =1 ] L] 0 ik -] 1 I
3 3 3 3 -1 o 0 1 - -1 0 o 3 -1 0 0 i o 1 -1 =i CE
1111 " 1 i " i 1 1 wig -1 ~1 -1 1 1 —1 iy —1 St djfm il
1 1 1 1 1 1 1 =1 =1 I 1 1 =1 e | =1 =1 - - I 1 ]
2 2 2z 2 2 =1 ~3 0 i g -1 =1 -2 -2 1 1 1 1 0 i 0
T 3 3 % = o o -1 1 —1 @ I -3 1 0 i 0 0 i -1 -1
3 3 3 3 ~1 o o 1 -1 -1 0 0 -3 I 0 0 0 o —1 1 1 !
4§ =d 4 =4 1 -1 1 i 13 ] =1 1 4 ] =1 -1 1 1 0 0 0
4 —4 4 —d o = i i L1 L1 =1 i =T L i | 1 -] - 1 0 i 0
2 -3 2 -3 5 1 -1 i —iya 0 1 ~1 2 0 1 1 ~1 =1 i iJe —ie O
2 -2 2z -1 ] 1 -1 0 iy2 1] 1 -1 2 0 1 1 -1 -1 0 —-i,f2 iy2 ==lif=+
2 -2 2 =2 o i =1 0 —iy2 i i =1 -2 2 0 -1 -1 1 1 il ~J2 P2
g -3 £ =% 0 1 -1 0 iy2 i 1 =1 -2 2 i =1 il 1 1 0 2 =i
b B =2 =0 o2 o a2 i 0 2 - =] 13 0 0 i 0 ik [ il il ik
g 3 =3 -2 2 = | 0 0 2 1 1 0 i 0 =8 J3 J3 ~J3 0 0 0 R T ol
g 2 -2 -2 2 -1 -1 0 i 2 1 1 0 i a J5 =1 -3 J3 it 0 0 |’ kL
B & =6 —f -3 i i 0 o -2 i 0 0 0 i 0 i 0 0 il 0 0
4 —4 -4 4 o 2 ] i LL L1} -8 2 ] 0 0 1] 0 1] i i 1 i 1
b =4 =4 4 0 -1 i i i i i - 1 0 0 0 -8 Ja -3 i i i 0 gema=]; foma]
£ -4 -4 4 0 -l 1 I 0 0 1 -1 i 0 i ;] — 3 J3 — /5 il 0 il |
E A AC 3, C o BD I Af Act o2 I o AT BOI D=P=0C=P=P=F
I Ac A ABD BI Bl A ABDYI BA = AB; CA = BC; CB = ABC:
AR ABC Bie &2 Ach ABF ABCr B ool ABCDI Achr Dd = BDy DB = AD; DC = CD;
ARC3 ACED ABC3I ACEDI Id= AL 1B = BE IC = CL:
BCD ABCD BCDT BCAOT ABCADI D= DI
ch cof
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TaBLE 3 (cont.)
te, g, lg g e, B, e, 24, 12, 126, B, 8a, By 2, 2, 12¢, 8ty Be,y Bty 86,y 24, 12, 12, 102 elements
Fp® F5 e ST.82T PET Q5T
PQS, POS™ POs pip PQST, PQST PQsT PeT
f25, g PORE PRsE R8T, Ry PORET PARAT
PRES, PRYSY PIRS FACHRSY PREST, PROSTT MRST PORST
QRS QRS QRS PORSS QRST, QRS'T QRST  PQREST
Mg, reR FRERAS PR FRET, FPRST PIGRAET FgmgT
g, page P i PT,P8T PUST, PIT PRT QST Ple@af@asfieTizE
FRQS, P25 P 8 QT,PQT MQST, PQSET FQST ST Pi=Qu=T
PR, PPQR? R, R PARAS, PRRASS PQRS PRS PRS?, PIQRES? RIS, R FOT, QST PRT, PORST PREST, PQRIT BT, RST RST, RT PURST, PR T FORST PRST | QP = P°Q; RP = QR; RQ = POR
F, P PR, PR FRY, PROR FARAE, POREES PR FAGRS Fi3 pagi QRS PR FPRSY, PIgRE PrRET. AT QRT, MRST BRST, FPRT PRET, PAQRT PRESAT, PRQRT PRST, PRAT MRS MgRET 5P = PQ5; 8@ = P SR = RS
Q,PQ PQR, PrOR QRLFQR  PQRS,PIORS QRS PORS 52, Prgse PORS!, PAQRSH QRIS QRS QRT,MOT  PQRT,PQRST  PQRST,FQRET QRIT, FQRST QRIST, PQRT  PQRST.PQRST  QRST  PQRST | TP=PT:TQ=QT; TR= RT
E P 5 pig PO P PR, PR PORL PR RE, RS? PAORESY MRy s, pagsE PrRGE s POQRESE, Pafise T.5T Py, pPsr PR FPQT MR, PRST MRST, PR PURAT, RAT POREET, PART RST,R¥T AR mgRaT F=5nT
i £ 1 A 1 1 1 ! 1 1 1 1 1 i 1 1 1 1 1 1 1 1
SRR G S 1 1 1 ~1 ~1 - 1 1 1 1 i 1 i i i 1 -1 ~1 -1
2 2 2 2 2 =1 =1 a ik 0 2 =1 =1 2 - 8 -1 -1 -1 -1 i i il
] a ] 2 -1 1] 1] -1 1 1 -1 L L X a -1 0 i LU LU =1 1 |
3 3 3 13 -1 0 0 ! -1 -1 -1 0 0 3 3 -1 0 0 0 0 1 ~1 =1
R T 1 1 1 I 1 1 1 1 1 -1 -1 -1 -1 ~1 -1 -1 sl ~1 -1 Botama L bl
TR S G I 1 1 ~1 = o8 1 1 i ~1 —1 =1 -1 =1 el = 1 i 1
2 2 2 2 2 =1 =1 0 1] L1 2 =1 -1 —2 -2 -2 1 1 1 1 1] 1] ]
i 3 3 1 ~1 0 0 =1 ! 1 -1 0 0 -3 -3 1 0 0 0 0 i -1 -1
a 3 ¥ 3 -1 LU L 1 =1 =1 =1 LU LU — & —3 | 0 ] 0 i -1 1 1
4 -4 4 -4 0 ~1 1 0 0 0 0 L 1 4 -4 0 =1 =3 1 i 0 0 0 \
4 -4 4 —4 0 -1 1 0 0 0 0 -1 1 —4 4 0 1 I -1 1 i 0 0
2 =2 2 -2 0 1 =1 0 i/2 =iy2 L 1 -1 2 -2 0 | | =1 =1 0 i.f8 =02
"{ 1 & -2 32 -3 0 1 —1 o i W 0 1 -1 2 —2 0 1 1 =q —1 0 iy 2 Xm—ifmtl
{ 2 -2 2 =2 U 1 =1 0 12 =iy2 i 1 =1 -2 2 i -1 -1 i 1 i —i,2 i.f2
[l 2 -2 2 -2 ] 1 —1 L] —i,/2 ) i 1 -1 -3 2 0 =1 -1 1 1 0 /2 =2 J
2 2 -2 -2 2 2 2 0 0 o - -3 -2 0 0 0 0 0 0 0 0 0 i
§ 2 -2 -3 2 ~1 =1 0 0 0 =% 1 1 0 0 0 -3 3 3 -3 0 0 0
2 2 -2 -8 2 -1 ~1 0 i 0 ~2 1 1 0 0 0 43 — _3 B 0 0 0 B life—
fi G =06 -6 =32 ] L1 0 U] 1] 2 L L 0 ] i ] ] 0 1] ]
§ =k = 0 2 -2 0 0 0 0 -2 2 0 o 0 0 0 0 0 0 0 0
IR e | i i =1 i i ] 0 [} i =1 i} fi {i | o3 -3 N ] ] iy } a==l1jf==1
P i —1 1 0 0 0 0 1 -1 0 0 0 V3 - N e 0 0 0
E A AL L n A Rn F) Al AT caf &) oy ALy ity DB=P=P=B=g E
i) R Ac? AR i BCr AR ABDY BAd = AR CA = B C8B = ARC
AR ABC B 2 ABCD ACTY AR ABCE B ooy ABRcnr ACEH DA = By DB = AD; DC = €[
ABCE A3 ABCY A2 = Al IR = B IO = CT;
BCD B AR BODS B ABCDS 1D = DI
] Cin
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2548 L.L.BOYLE AND KERIE F. GREEN
TasLE 3 (cont.)
le, Moy Mg 1g e 8c, By ey 12e, 12¢, L Bay ey 2, 2, 122, By ey L By ey 1264 ey 192 clements
55 P52 QF P ST, PT
s, PQS3 prgs P35 Qr PQET, QST
RS, Rase PQRS PRS POT ST, PREST
PRAS, PRES RS FIQRE F5ET FRAST, MRST
(GRS, QRS QRS PR gnT PRT PORYT PR RT ORST, PFQRST
PIRS, PRS PR PQRS PQST QRT PRT PRT PQRT PURST,RST
S, Fasa P L5 My PORT QRT PORET MQRT Srr meT PET, PURST QST ST Flela Paflas Tiz=F
PIgs, Pros P25 page POT PRT BT PORT PRT POST,POPT PORST, PRET PRET, PPORST Pi=p =T
PR, PR R R Pagns, papage PORS PR PRE, PO s s, R POT PUEST RS*T PRST PQRASET ST, P eeT QRST, PQRST PORST, PORST QF = P3Q; RP = QR; R = POR
o o QR PR PRE PROR PRRES, PRREsT RS PHRESY i, pest GRS, PSS PREAE PR ST PR PFORST QRS PRESFT FREGT, PAfEsT PRT, QT QPRT . PaT SF = IS 50 = A5 SR = B8
Q, g PQR, PIQRS QR QR PRORS, FRORS® QRS PORES Q8% Qs PORSS, PIs QRIS PAQREST ST PSET PSET POQRST  PQRST PQRST QRS T QRIOT, PQRST PORS'T, PR T PRST, PORST TP=PT: TQ = QT; TR= RT
E P 5 mM§ P, g PR, PERE PR MR s, RSt PR PiQRS® POST, PO MRS, PARAS® PR, RS T mT P T PRGRST MReT FEREET T PERAT, RN T QREAT, FHQRRST PQRESAT, PRQRESNT H=5T
i 1 i i 1 i 1 1 1 1 | i i | I I 1 1 i i i \
1 1 1 1 | i 1 =1 =1 =1 i 1 | i i i i 1 1 | =1 -1 =1
2 8 @ B a =1 =1 ik i il @ =1 =1 a a 2 =1 =1 =1 =1 i il i
3 3 3 3 =1 { 0 -] i 1 - il {i 3 3 -1 L1 L1} i i -1 1 1
3 ¥ 3 3 =1 (1] L1} 1 -1 -1 -1 i 0 3 3 -1 { L] 0 i i -1 -1
T 11 1 i 1 1 i 1 i i I —1 —i =1 =il = =1 -1 —1 = -1 e b bt
P 1 i i i 1 1 = = =1 i i 1 =1 =1 =1 -1 -1 -1 -1 i 1 1
I ¥ ¥ % 2 -1 -1 0 i il : -1 - -1 - - i i 1 1 i it i
3 3 3 3 -1 L i =1 i i =1 1 { -3 =3 | 0 1] 0 i | -1 =1
3 3 3 3 =1 i i 1 —1 -1 -1 i 0 -3 -3 1 i 0 il i -1 I 1 }
i =4 & =d i x -0 i il (1 i 2 i i i i il i il i i 0 0 |
" i =d (1] -1 1 1] ] 0 1] -1 | 1] i ] =iya i3 -1 iy ] ] 1] ra==lid=%I
4 -4 4 =4 o -1 i 0 il 0 0 -1 i o i i i3 —iy8 iy3 ~iy3 0 i 0 |
& 2 -2 -2 - | | 2 L1 0 L1 =2 -2 -2 i i i 0 (1] (1} i i i i
2 8 —F -2 2 -1 =t 0 i 0 -2 1 1 i [ 0 —~iy3 iy3 i3 =i 3 0 0 o bl Bl
g 2 -2 -2 2 =1 =1 o i 0 -2 1 1 0 i 0 i3 -i =13 i3 0 0 0 >
1 g8 =8 =8 -2 o i i i i 2 ] i ] 0 L] 0 0 LU a LU 0 0
g -2 =2 % @ 1 -1 0 —iy2 iy2 o -1 i L i 0 i —3 i =i 0 J2 -2
2 -2 -2 9 ] 1 -1 0 B2 =i2 0 =1 1 -3 | ] = j i - i (1] Wi -2
P o~ =1 3 ] 1 -1 i iy —1y2 i =1 i o -1 i i =] i =i ik -2 W2 g s
2 -2 -2 2 0 1 -1 i —iy2 i3 i -1 1 -5 ] [ -i i -i i i -2 W2 R
4 =4 =4 4 il -1 L i i 0 i i -1 4 —4i i = i - i i 0 i
& =4 —4 4 il —1 [ i i [ i i =1 =4i 4i i i -1 i =i i i [y
E A A oL n Ay Fifa] I Al ACT G2 cr nr AT B st lis [tk
¥ B AcC* ABD i) & Acqr AR ABCE ACOF BAd=AB:CAd = BC: CB = ABC
AR AR B 3D ABCD ACH AEBF ABCT ABCY fastal) SCE0r ABCADS DA = Bid; DR = Ay, DC =30,
ABCE AC2D ACED fd= AL IB= B 0 =1
BCEy BCED ABCHD) BT iy = nr
i cor
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TanLE 3 (cont.)
30, i 20e, 12 126, 126, 188, 120 clements
I
i, P
g My
P¥, P2V
PP, Py
By pays PR PR R, k2
PV, P QR, PR PR, P2QR
PRI, PRI PQR, PrQR? PR, PR
PRI g PORIY, PRUF A PR
PQRV OGRS QF, Ry QEL PR A i P QVLEgRY PRV, QR
PORVE, PP s POV PRI PQVLQRY Qe PR POV, PR BV, PQRVE PRV, PO Pe(falP=Pak
RV, PRV R, PRV PRV, PRV RV, PRV RV, PRI RV PHQVe PQRAVE PIQV Q=
RV PR RVE ORI PRV Fgp PORY, PV PRV PRSV QR PIRY? Pays prja QP = PQ; RP = QR
GRY? PHYRI PR, PR PV, PR REVE, QRS PORV, PQRIY P2y, pap PRV, PR R = PQR; VP = PV
E QRIV, FRQREV PRV, PRQV3 PRREP PRQRSY PV, ORI PP QP PIREY, PAQRIYE PGV, PRI VQ = QREVE, FR = Pifspe
A 1 1 1 1 I 1 1 1 1 |
| @ 3 -1 0 i o - @ o
T | 3 3 -1 0 0 o & @ o a=+1
¢ | 4 5 i 1 1 -1 -1 ~1 -1
H | 5 5 ! -1 -1 0 0 0 0 ;
By | 2 -2 o 1 -1 — — o o
E 2 -2 " 1 -1 -t ® o - e
| 4 -4 0 1 t —1 1 1 =1 "
I | © —4 0 0 a 1 -1 -1 1
r | e 4 AC C.C* F, P+ P B2 ACF, BCF4 MA=P=C=F=F
& B Ace BFT ABF I, ABCEF ACIF, ARV BAm AR, CAm BC
AR ABC Apce [ BCF?, ABCHF CF ABCEF? CB = ABC; FA = AF*
AF ABCF, ACRFS e ABCF ACF? ACRF BLAL FB = BOWF, FC = (350
AFr BF,C*F B R, BOA FiC = BF
AF? ABF? ABF, BCF
AR BCAFe ABCF®
ACF® CF ACF
ACIFR
ABCF
ABCiFe
E:I"_
e
RO
BC3F
(® = {1 +4/8); ¢ = §(~ 145}
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255 L.L.BOYLE AND KERIE F. GREEN
Tante 3 (cont.)
() =) = (B, T}
e, lny 30, e, Bl e, 128, 1de, e, ig, ig, S, die,, Bl .7 1264, 12y, 1265, 240 elements
PT
mT
g1
FQT
POT
PQT
PYT
PyT
T
T
PIAT PRT PORT
T QRT PRET
PIaT PORT QReT
PoyeT PORWT PARMT
PRVT o PR
P pa PgyET PVT PRVAT
&, P PIEVRT QRIVET QT
PQ, Qg PR RV*T PORVT
PV, PV PORVT PRT RT VT T T PnT
P P FPORIT  PIORVT POVET i MFT T PT
PP pays PR, P*QR? R, Rt PORT PAORET PRT QT RIVT POVT PORIT
I pap GR, PR PR PROR PORIST PRT PIQRT PIRIT PHOIVET PAQRVET PQVT
PRV PIRYE POR, PrOR PQR:, PR RVT PHRAT PORT RI*T QRIPT QRVET PRORVET
PROVE Pafpys PORY, PRIV ORE, PAOR PIRPT PRAVYT PQREVT  PORAT PRVT PORYAT  PQRVT Pl == o= Ti=E
PORVY PAQRVS QF, g2 Qi Profe ¥, ¥ Vi s Qs PIQRY PRV, QRVS REVT RUAT POVT PORVT g PRVAT PYRET =iz
PORVE PAOR IS POV PRI POV, QRV QVE, PR POV, PR RV, PORVE PREVE, PO PURET PRIVT PR T POVET PORVT PROVT PRIT OF = P°Q; RP = QR
RV, PIRV QRRVE PR PORVE PRV RV, PR QRVE, PRI Ry, prgye PORIVY, POV QRVPT PIQINT  PHIRRET RnT POREPT PARVT ORVT RQ = PQR: VP = PV*
RV, PR RVEPOORY PRV pagys PQRY, P PRV, PREY QRS PR pays pays PQRIPT  PRQRIPT  PRIAT OREIFT PUBINT  PIQRINT PRVT VQ = QR VR m PURP
I;IEI-"",F'QRF"‘ AR P P'I;I']-", g R‘F"“, QH“ | My F’.P’QH e P"I-",J‘"l-"" FQR‘I-"",F'Q‘.E’F‘ -I:}R' Fr Faar ol RT PRET PQ.R]-"’T PeErT FQI'"T TP = P TQ = QT
| E e QRV, PRORV PAORV, PIQYE PAREI, PROREV PRV, PRV PIRIYE PAg 1 PARRVE, PAORA YD PARRV, PRV T p*T PROREVT PIQVET ORVT PYQRIET RFT PRQVT PREVT TR= RT; TVWa FT
A, 1 1 1 1 1 1 1 1 1 1 1 i 1 i 1 i 1
i 3 3 -1 i 0 @ - & Pt 3 3 -1 i o & @1 & o1
TS a3 _1 0 0 =1 o Bt o a 3 -1 i o @1 & -1 @
ﬂ, & 4 ik 1 1 =1 = =1 -1 4 4 []] I 1 -1 -1 -1 £ |
H, a & 1 =1 =] i} i ] i} a8 a8 1 = | - I 0 [1] i (1] o
A, | 1 i 1 i 1 1 1 vl =1 =i -1 —1 1 f =] -1 a=+1
T". b | 3 -1 ik 1] 1] L ] & =1 - -1 1 i} (1] e (g = =1 - i = i1
i 3 3 =1 0 0 -1 o @t @ -3 ~3 1 i [ — -1 - —grt —®
Gy 4 & (1] 1 1 -1 =1 -1 =1 =i = (1] =1 - | 1 1 i 1
H, I I i -1 -1 i ] i (i -5 -5 -1 i i i [ i ¥ !
GE ¥ B o 1 i - -1 ' -1 9% -5 i i =5 it i —id=1 it [y
G 2 -2 o 1 -1 =i —-t @ -1 -5 % i -i i i —itD i1 — i1
G 3 -2 o 1 -1 o o -t - 2 =8 5 i i it =i e —i®
G, | 2 -2 i 1 =1 &1 & — -1 - -5 2 0 —i i —i2 -1 —i i e
K i -4 i -1 i 1 -1 1 1 rH —dl il wi] i -5 ik i i sl
K i =4 0 -1 1 -1 -1 1 1 —di EH i i =i i i =i =i
e 8 —8 I o 0 1 1 -1 =1 8 —8 it o 0 i i =1 —i
1‘.']"‘ d =0 i i L] 1 1 —1 -1 - (i1 ¥ ] [1] = =} i i
L | E A AC ol o] F, Fi o o BF ACF, BOF i Al AcT ABCRT El CFy mny ABCF AapPellesPcliak
B BE A EFa ABF C3F, ABCF ACHF AR B BT AC Fiy BCAF Py BCFI BA=ABCA= BC
AR ABC ABC? cF BCF, A BCAE Wl ABCHF ABI ABCT RO BFi} RF*f ABFr ACET CH = ABC: FA = AF
AF ABCIF, ACEFs BEA ABCE ACF3, ACYF BCips AFT ABCEFT ACF] Ry ABCFH BCF3] ABF FB = B FC = O
AFe BF, (2 BFt CIFL, DO AFf BFI BFy ABCET Iy ABCPA] ACIy FC = BF
AP ABF ABF3, BCF ARy ABRFA] ABCE CFy ACEy IA= AL IB = B.
Aps BCUEE ABCF ARy BC3F3] i BOUf ACSFI K= IF=F
ACF? CF? ACF ACFi cFey ABFY
ACaF ACHF ACHFe el
ABCE ABCFY g BCFI
ABCfA ABCEEAT
cF CFf
£ CARg
pCR BCF3]
BCOF (P w31+ 48 P2 m =1 4.4/5).) BC*FI
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